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Students of this Eudimentary Treatise are expected 
to bring to the perusal of it a previous acquaintance 
with the principles of Algebra, and of Plane Trigono- 
metry. The former branch of science is more especially 
requisite ; since the subject, as its name implies, is the 
application of algebra to geometrical inquiries. The 
learner cannot proceed far in the study of Analytical 
Geometry without feeling that enlarged views of the 
capabilities and importance of common algebra are 
gradually opening to him ; that it is here presenting 
itself to him under an entirely new aspect ; and that 
what he may have hitherto regarded merely as an 
ingenious and useful contrivance, for abridging, ex- 
pediting, and generalising, numerical calculations, 
proves itself, in this application of its principles, to be 
a valuable instrument of investigation in fields of 
research which had seemed to lie altogether outside 
its own legitimate province. 

This extension of algebra beyond the limits pre- 
scribed to it in books expressly on the subject, cannot 
fail to be a matter of interest to the earnest and 
inquiring student ; and in obseiviiig ^^ ^«:^ vql^^^^j^ 
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certain remarkable theorems of geometry are educed 
from algebraical expressions, he must experience a 
sort of fascination, which, on the score of intellectual 
gratification alone, will amply repay him for the time 
and thought expended upon Analttical Gteometky. 
Under this term, in its full extent, much more, how- 
ever, is comprehended than is given in the present 
Eudimentary Treatise, which is restricted to the 
geometry of the Conic Sections. The curves so called, 
and the properties of them here established, are in 
very frequent request in various departments of natural 
philosophy ; and in physical astronomy they are all- 
important. 

Although this volume is published as a new edition 
of Mr. Hann's book, yet but little of the original work 
has been retained. However well designed, the book 
was somewhat negligently put together ; and therefore, 
while preserving the general plan, I have thought it 
better, in the interest of the learner, to re-write the 
treatise. It is necessary, as well in justice to Mr. 
Hann as to myself, that this should be explicitly 
stated ; so that it may be distinctly understood that 
for everything in the book I alone am responsible. 

J. E. Young. 
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Analttioal Geometbt, or Algebraical Geometbt, as it 13 
sometiines called, is the application of algebra to the in- 
vestigation of l^e properties of geometrical lines and 
surfaces. It shows that all such lines and stur^Etces may be 
as significantly represented by algebraical equations as by 
geometrical figures; and that the various properties of 
&em may be deduced from these equations by the ordinary 
processes of common algebra. As at the outset of the in- 
vestigation the geometrical conditions are translated into 
algebra, so ttie successive algebraical deductions may be 
translated back into geometrical theorems — ^the necessary 
consequences of those conditions. The subject is as in- 
teresting as it is useful ; and there is perhaps no depart- 
ment of mathematics which, to the zealous student, 
possesses such attractiveness as Analytical Qeometby. 

Section L— EQUATIONS OF A POINT. 

The position of a point p, in the plane of the paper, is 
said to be geometrically given when 
the place of it is actually marked 
by a visible dot ; its position is said 
to be (maJyUcally or algebraically 
gwen^ when, without ihis visniJ 
aid, the linear distance of it from 
each of two intersecting straight 

lines, a X, A T, is made kaown. K ^ ^^ X 

X represents, in general, the linear 
distance pm of any point p from the fixed line at, and ^^ ii^ 

t1 
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linear distance pn from the other fixed line AZ, these, 
linear distances beins measured from p along parallels to 
AXy AT, respectiyely, it is clear that the point will become- 
geometrically determinable ; we shall only have to measure 
the given length (x) along ax, from A, and the given length 
(y) along at, and then from the terminations (n and m) of 
tioese lengths, to draw a straight line parallel to at, and a 
straight line parallel to AX ; for the mtersection of these 
lines must be the point, and the only pointy within the 
angular space tax, to which the stated measures apply. I^ 
in the present instonce, an be three of the assigned units of 
length, and am four, then a; = 3, ^ = 4, would be what are 
calkd the equations of the jpoint P. The length s& is called 
the abscissa of the pointy and the length y 'Qie ordmaie of 
it ; when spoken of together, a$, y, that is in this case, 3, \ 
are called tne co^ordmates of the point ; ax, at, are the o/xes 
of co-ordmates ; the former, the axis of abscissas ; and the 
latter, the axis of ordinates ; or more briefly, the former 
the axis of x, and the latter the axis of y ; and the point A, 
where the axes meet, or at which they intersect, and from 
which the co-ordinates are measured, is called the origm qf 
co^ordmates. 

If the axes be prolonged through the origin, there will 
he four angular compartments about the origin A, as in the 
annexed diagram, in each of which a point may be situated 

so that the absolute lengths of the 
co-ordinates of each may be the 
same — ^the points P, Pj, Pj, ?«, for 
instance, may each of them have 
the same co-ordinates, in so £Eir as 
the mere lengths of the lines so 
called are concerned, and there- 
fore, unless there be some means 
of denoting the compartment in 
which it is situated, the determination of the position of 
the pointy from its equations, would be ambiguous—- we 
should not know which of the four points, each having the 
same co-ordinates, is the point. To obviate this ambiguity, 
every abscissa measured from A towards x, and every 
"■* ^te measured from A towards t, is regarded as positive, 
^'^ taking the sign + ; while abscissas measured 
rards Xj, and ordinates from A towards Tj, being 



p 


1 




I 


» 




r» 




A 


~* 




-^x 


p 


2 




P 


3 





Yl 




AITALTTICIL GBOMBTftT. 8 

|)i|K>8ite in direction to the former, take, of eonrse, the 
opposite sign, and are regarded as negatwe. Hence, calling 
he co-ordmates, as to mere lengths^ a and &, we have — 

For the equations of the point p, a; = a, ^ = & ; 

99 » 19 99 Plf«=— a9y=&; 

„ „ „ 99 ^29 » = — «^9 y = - ^ ; 

99 99 99 99 P39« = a, y=— 6; 

\iepluL8 sign being, of course, understood where no sign at 
31 IB prefixed. And in this way the point is algebraicallj 
■epresented, without any ambiguity, in whichever of the 
bur compartments it may be situated. It ma/y be situated 
m one of the axes, on the axis of x^ for instance ; or it may 
16 situated on the axis of ^ ; in the former case, its equa- 
ions are aj = a, y = ; or » = —a, y = 0, according as it 
B to the right or the 1^ (in the preceding diagram) of the 
rrigin ; if &e point be upon the axis of ^, then its equations 
are a; = 0, y ^Ifj or a; = 0, y ss ^h^ according as it is 
Jbove or below the origin, in the foregoing diagram ; but if 
lie point be at the same time upon both axes, that is, at 
he origin A, then its equations are a? = 0, ^ = 0. 

In analytical investigations it is usual to refer to a fixed 
Bolated point, as the point (a, h) ; and when the point 
o be distmgiiished from the other points is in a Ime^ it is 
lenoted as the point (»', y'), or (x'\ y"), &c., the notation 
Xj y^ being used to denote cun/y point in the line indifie- 
enUy. As points are thus always represented by their 
o-ordinates, in Analytical Greometry, the science is fre- 
[nently called Co-ordinate Oeometry, 

Fboblem. — To find the analytical expression for the 
distance between two gvoen points. 

By the points being given is of course meant that their 
!0-ordinates are given. These may be measurements in 
«ference to rectangolar axes, or in reference to oblique 

izes. 

FmST : When the axes of reference are rectangular. Let 
he points m and m' be represented by (a/, y'), and (aj", y'^), 
he axes of reference being rectangular ; or, which is the 
lame thing, let (a/, ^), (a?", y"), be the rectangular co- 
Mrdinates <^ the two points ; and let the distance between 
ihem (mm') be denoted by d. 

b2 
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Draw MP, mV, parallel to the axis of y^ and m'b parallel 
to theaxiB of ;r. 




Then (EucUd i., 47) mm'« =: m'e«+bm« = p'p«+bm« 

= (AP— AP')« + (PM— pb)* 

... D = ^^{iaf-2f'y+(1/^y"y} (1) 

which is the seneral expression for the distance d, of two 
points (a/, ^T, (a?'', y"), wherever they may be situated in 
the plane of the rectangular axes. If only one of the 
points My or (a/, y), be sitnated in the compartment tax, 
and the other m', or (iicf\ y")^ be in the compartment tax', 
then Qc^' will be negative ; and the expression for their dis- 
tance will be 

D=: V{(a/+a/0»+(y'-2/'0'} . . .(2), 
for the diairrain will then be this— 
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in which mm"* = m'e^ + em^ =r p'p^-f em* 

'ap + ap')«+(pm— pe)« 
^x'+xf^y+iy'-y^y 
and /. D = V{«'+a/0«+(/-y'0'}- 
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. And, in like .manner, let the ppints be isitnated wherever 
they may in the plane of the axes, the general formula (1) 
will always correctly express their distance apart, by in- 
troducing into it the given co-ordinates with their proper 
signs. ' 

If one of the points, as H^, be at the origin A, then z^' 
=s 0, and ^^' = ;; so that, in this case, the expression for 
the distance is simply 

Second : Whefn, the axes of reference a/re ohlique. Let 
AX, AT,'be the oblique axes ; theii {Trigonomeiryyp, 62), 




X 



D^ =.MM'^ = M'e^ + RM*— 2m'k . RM COS MRM'. 

But m'b =s: a/— a?", and rm = J/'— y" ; and if the anglfe 
A of the oblique axes, or which is the same thing, if the 
ahgle-MRE,- be represented by /3, we shall haye 

cos MRii' = — cos MRK = r-cos/3; 

.%D= V {(iB'- W'+ C2/'-2(-0'+2(a^-a/0(y'-y'0 oosiS} (3) 

which becomes identical to the expression (1) when (i 
= 90^ because cos 90^ :q= 0. . . 

We shall now give a few examples of thci application of 
the foregoing general formulas to particular cases, chiefly 
for the purpose of familiarising the learner with those ana- 
lytical expressions which in what follows will be in very 
^quent request. It may, however, be as well to apprise 
In'm here that Analytic^ Geometry, like the Qeomel^ of 
Euclid, is occupied^ — ^not with individual and special cases 
—but with the investigation of general properties free from 
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all numerical restrictions; and therefore comprehending 
every special case. 

Examples.* 

1. What is the distance between the two points (4, $) 
and (2, 3) ; the co-ordinates being rectangular P 

B^erring to the general expression (1), at p. 4, oi 
rather, writing down that expression from memory, m 
find npon giving to a/, af\ the special values 4, 2 ; and tc 
^, y^', the special values 5, 3, that the distance d is 
D = v{(4-2)a+(5-3)a} = V(22+2*) = V8 = 2^/2, 
the linear distance being equal to the hypotenuse of c 
right-angled triangle, of which the sides are each two oJ 
the linear units of measure, whatever these may be. 

2. What is the distance between the two points (^4, 2] 
and (4,-5), the co-ordinates being rectangular ? 

Am. a/113 

3. Two points referred to rectangular axes are (7,-2] 
and (7, 3) : required, the distance between them P Ans. 5 

4. Itequired, the distance between the two points (0, 0] 
and (—3,^6), the co-ordinates being rectangular P 

Ans. 3^/5 

5. Eequired, the distance between the two points (0, %) 
and (—4, 0), the axes being rectangular P Ans, 2 a/5. 

6. Required, the distance between two points (1, 2), 
(2, 1), the axes of reference being oblique, and indmed to 
each other at an angle of 45® P [cos 45® = ^^/^' TrigO' 
nometry^ p. 15.] Ans. a/(2— a/2). 

7. What is the distance of the point (—3,-5) from the 
origin, the axes being inclined at an angle of 30^ F 
[cos 30® = J v3. Trigonometry^ p. 14.] 

Ans. A/(34+15A/8y 

8. Bequired, the distance between the two points (4^ 0), 
(—3, 2), the oblique axes making an angle of 60® r 
[cos60® = f] Ans. a/89. 

9. Required the distance between the two points (—3, 
—5), (4, —2), the co-ordinate angle being 120 P 

Ans. a/37 

* The student is recommended to roughly sketch the position of th 
line, in reference to the axes, in each of these examples. 
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Section H.— EQUATION OF A STRAiaHT MNE. 

FiBST : When the aaee of reference a/re rectcmgula/r. — ^L^t 
AX, AT, be the rectangular axes, and op' any straiglit line ; 
then the parallels to the axes being drawn, as in the diagram, 
? being any point in the given straight line, we have 




N K 



P D p' d' 

AN ^^x» PN ss= y. Let AB = h, then — or — - = tan P9D 
' * BD bd' 

{Trigofiomeiry, p. 8), that is, ^^^^ = tan pbd = tan 0, the 

X 

angle of inclination of the line op' to the axis of x. Call 
this tanj^nt m ; then 

? — ss m, /. y~~h =s mx, /. y = mx-\-h . , , (1), 

which is the general equation for a straight line. The 
constant co-efficient m is called the co^efficient ofincHnaUon; 
the other constant h is the ordinate ab of the point where 
the line cats the axis of y. They are called constmita be* 
canse their values are fixed and invariable for the same 
straight line ; and as the co-ordinates x, y, vary in value in 
passing from point to point of the line, these are called 
ucmahles. 

If the straight line passes through the origin, ^ = ; 
and the equation is simply y ^mx. 

When the values of the constants m and h are given, we 
can always draw the particular line thus analytics^y repre- 
sented ; the positions of the axes being assigned, we have 
only from ay to cut off a length ab, numericaUy expressed 
by hf and then through b to draw op inclined to ox at the 
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angle whose iaxigent is the giyen number m, which angle is 
found against &e number m in every Table of Natural 
Tangents. But a readier way of geometricallj determining 
the straight line of which the algebraical equation is given 
will be shown presently. > 

The line ab is called the intercept of the axis ofy; AC is 
the mtercejpt of the. axis of a^ ; tMs intercept, found by putting 

7/ =: in the equation of the line, is a; = AC = . 

m 

If we divide each member of the equation (1) by h^ it 

will become 

^ = ^aj+1 ; or, since h = ab, and m (or tan c) = — , 
h h AC 



the equation is 



AB AC 



or finally, putting a for the intercept AC, and h ior the in-* 
tercept ab, the equation is 

| = £+l,or|-?=l. 

And this is the equation of the line c p in terms of the 
inte^rcept^. , The ordinary equation, y i= rnxf^-hy involved 
but a single intercept, that on the axis y, namely, ab =s^. 
It is sometimes convenient l^t the intercept on the axis 
of X should enter instead : the equation would then be 
y s= w(aj+AC), for here when y = 0, aj = —AC. 

It will be instructive to the learner to consider the line 
in each of the four positions in the subjoined diagram ; he 
will find that 

y s — maj+7i, or '^ -f - = 1 is the equation of hg 

b a 



2/= +maj+^, or-/— 2= 1 „ „ „ hg' 

a 



I 



y = +maj— ^, or ?— 1.= 1 „ „ „ h'g 

a 

2/ = — maj-A, orf+-= — 1 „ „ „ h'g' 

a ■ • , 
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In thiese eqnatioiis, the nnmerioal vahie only of the 
tangent of the inclination of the line to, the axis of so iu re- 
jHresented by m, the proper sign 
of this tangent being in each T 

case prefixed, it being observed 
that the angle of inclination is 
always that which is sitnated 
above x'x, and has its opening 
to the right lumd ; in like man- 
ner the lengfha only of hy and 
of the intercepts a, &,-are re- 
presented by these symbols; x' 
the proper signs bei;ng ^i each 
case prefixed. If the symbols 
be put to represent the values, 
signs and all, the several dis- 
tinct forms above may all be 
comprehended in one geneml 
equation, namely, vfi the equa- 
tion 




X 



?+- = ! 

a 



■ (2), 



which, when a, 6, are both positive, represents the line hg ; 
when b is positive and a negative, the line hg'; when a is 
positive and b negative, the line h'g ; and when both inter- 
cepts are negative, the line h'g'. . Aiid similar remarks of 
course apply to the other four distinct forms above ; the 
general form (1), p.' y, comprehends them all. 

If the straight line pass through the origin, then there 
are no intercepts, and the form (2) becomes inapplicable ; 
but^ as already remarked, the form (1), for this case, be- 
comes y =mx; and the line may be drawn by putting wiiy 
value a' for a?, and thus' detennining y' ; the line from the 
origin, through the point (a/, y'), will be the line whicb the 
equation represents. 

Second : When the aaes of reference are oblique,— -Jjei ax, 
AT, be the oblique axes, and cp' any straight Ime ; then the 
parallels to the axes being drawn, as in the diagram (p. 10), 
p being any point in the line, we have {Trigonometry , P* ^2) 



DP 
BD 



smPBD. sin PCX 



»n BPD 



sin PB Y 
b3 



, a constant ratio. 



10 ANALTTICAL OBOMETBT. 

If PCX, the inclination of the straight line to the azia of 
x, be represented by a, and tax, the inclination of the axes 




themselTes, by /3, the above ratio will be thus 'escpregaed^ 
Tiz., 

DP / AB\ sin a 

I or 1 —55 • 

BD \ AC/ sin (/J— a)* 

for which m being pnt, and h for ab, the equation of the 
line is ^ ^ mx+h, the same as before ; the only diilbreaee 
being that, in the case of rectangular axes, m is a tangei^^'^ 
the tongent of ; whereas in the case of oblique axes, it is 
the ratio of two sines^ sin a to sin (/3— a) ; that is, of sin 
PCX to sin PBT. And, therefore, the equation, in terms of 
the intercepts^ is the same, yiz. 

a being the intercept of the axis of x^ and h the intercept 
of the axis of y. As in the case of rectangular axes, when 
the line passes through the origin, i.e. when /i=sO, the 
equation iay^ mx. Z 

Examples. 

1. It is required to construct the line of which the equa- 
tion in reference to assigned axes, whether rectangular or 
oblique, is 4!y+x = 6 ? 

Puttmg for y, we have 6 for the corresponding Yalue 
of X ; and putting for a;, we have 1^ for the correBpancKi^ 
value of y. Hence the line cuts the axis of te in the point 
(6, 0), and the axis ofy in the point (0, 1^) : therefore, by 
measuring 6 of the given units of measure, £rom the inrigiii. 
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along the axis of x, and 1^ of those units, from the origin, 
along the axis ci y^ we shall have two points on the axes, 
through which, if a straight line be drawn, it will be that 
represented by the given equation. 

*^* In the following examples the learner should acta- 
ally sketch the positions of the lines. 

2. Construct the equation Aa;-|-B^+c = 0. 

For y 8= 0, we have x = — ; and for « = 0, y = — - 

These are tibe lengths aud directions of the two vrdfiri^Uf 
through the extremities of which the straight liijie repre- 
^Bented bj the equation pafi^es. 

We iu^s see that not only may every straight lin^ 
drawn in reference to assigned or assumed co-oidipate 
axes, be represented by a simple algebraical equation witb 
two unknown quantities (x and ^), but conversely, that 
every simple equation, with two unknown quantities, may 
always be represented liy a straight line referred to as* 
signed or assumed co-ordinate axes. 

8. Determine the straight line of which the equati<m is 
y = a;— 3, and find its inclination to the axis of a;, when tiie 
axes are rectangular. 

Ans. The intercepts are a/ = 3, and y' s: 8. 
The inclination is 45^. 

4. Construct the straight line of which the equation is 
y s=z 6x. Ans. The line passes through the or^in, 

and through the point (1, 5). 

5. Construct the straight line of which the equation is 
8aj-22/+4=0. 

Ans, The intercepts are a/ = —J, andy =2. 



Section III.— THE STRAIGHT LINE SUBJECT TO 

CONDITIONS. 

We have seen that the general equation of a straight 
line contains tufo arhitra/ry constcmts^ that is, constants both 
of which become fixed in value only when some one, out of 
an indefinite number of straight lines, is singled out for 
algebraical representation. If but one of these disposable 
constants be fixed in yalu^Ci the other remaining arbitrary, 
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or open to any interpretation, as to value, whicli we may 
choose to give it, then the equation — though not restrioted 
to a single line, to the exclilsion of all other' lines — ^will yet 
be limited to a distinct group *Qf lines, to the exclusion of 
all ^ other line^; so that, give whatever value we may: to 
the other and still disposable constant^ the particular 
line represented will always be a line belonging to ^s 
group. 

One of the two constants, may be so .fixed ^in value i^at 
^e lines of the group here aUuded to shall all pass through 
one and the same fixed point ; or both constants may be s6 
'deteiinined that the smgle line represented shall pass 
through two assigned points. The present section will be 
^evoted to the solutions of problems of this kind, that is, 
to the determining of the equations of straight Imes sub^ 
ject to prescribed conditions. 

Problem 1. — To find the equation of a straightlvne 
jpassing throtigh a gi/oen jpovnt. 

Let the given point be denoted by (»', y'). Then since 
y =r mx+h denotes any straight line indifferently, so long 
as m and h are unrestncted in value, if one of the lines ip 
to Jbe subject to the condition of passing through the point 
(^9 yOi ^^^ equation must be satisfied for these particular 
'Values ofx and y ; that is, the constants m and h must be 
80 related that 

' y' -=. mosf + hy /. h =2/'— maj' ; 
:.^Subi^tituting therefore this expression for h in the general 
equation y =s mx+h, we get the equation 

*^ y=z mx+y'^^ ma/, or y—y' = w(aj— »') ; . . (1), 

in which the only arbitrary or disposable constant is m, 
which may still take any vsdue we may choose to give it. 

The equation (1) therefore, by giving various values, 
one after another, to m, will represent all the innumerable 
lines which pass through the. given point, to the exclusion 
of all other lines. Hence (1) is tji^ general equation of n 

^ straight Ime ^passing through the point (a/, y')* 

If the given point be on the axis of a;, then y' =s ; tod 
the equation is 

• ."''■ u y^^m(x^xf)'. -' ' '^ 
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V it be on the axis of y^ then ti^ = ; and the equa- 
tion is 

y— y' = msr, or y ^ 9;t»+y', 

as we might foresee it must be ; since, by the condition, y' 
is the intercept which the required line mast cut off from 
the axis oiy. 

Suppose, bj way of illustration, that the co-ordinates ot 
the given point are y = 2, y' = — 3, in reference to as- 
signed axes ; then the equation y+3 = m(a;— 2) represents 
% straight Ime passing through the point (2,-3) ; and a 
differefd straight line through the point, for .every different 
value we give to m. 

Problem 2. — To find (he equation of. a straight line which 
jpaases through two given jpoints. 

Let the given points be (a/, y'), and («", y"). Since all 
the straight lines passing through the fbrst of these points 
are comprehended in the equation y—y' = w(aj—aj'), we 
have to select, and specify, that particular line of the 
group which passes also through the second point (xf', y")^ 
and which must therefore satisfy the additional condition. 

J/"-/ =«»(«/'-«/).•. m=|;j=i; or ^;. , 

Substituting this value of ^n in the above equation, we 
have for the analytical representation of the single line 
ftilfilling the two proposed conditions, 

■ » 

in which all are assigned consta/nts^ except the general vari- 
ables X and y. The coefficient of inclination m is the given 

quantiiy ^ — ^, ; and the constant h is the given quantity 

^^^'; 80 that nothing is left arbitrary. 

The student will do well ta pay special attention to the 

analysis of the two foregoing problems, and to observe 

* how, from an expression of the' utmost generality, by 

introducing a restrictive condition, we educe from it: a» 
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aeoond expressioii, of limited appHcaiioii ; tiiat ia, how 
from an equation representing eveiy straiglit line that can 
poflsiblj be drawn in the plane of the axes of refereneOy 
we derive another^ less general eqnation, which shall re- 
present onfya particnlar groap of these inniimerable lines, 
to the exdosion of all the others ; and then, bj intarodnc- 
ing among these a second restrictiTe condition, how, from 
thia assemblage of lines, that ^iHenlaT line is selected 
which, alone, satisfies hofh cond&ons. 

As an illnstration of the present proldem, let the co- 
ordinates of one of the given points (a/, jf) be 4 and 
6, and those of the other given point (a/', y^) 8 and 5 ;. 
then 

and therefore the equation of the line passing through the 
two points is 

so that if the axes of reference are rectangular, 1 is the 
trigonometrical tangent of the inchnatiim of the line to 
the axis of x^ which incHnaticm is therefore 45^. The 
ordinate at the origin, that is, the intercept of the axis 
of V, is 2, and the other intercept is —2. But if the 
assigned axes be not rectangolar, then the coefficient 1 

es^nresses the ratio — (see fig. at p. 10) : the intercepts 

however are the same, so that whether the axes are rectan- 
gular or oblique, the construction of the line is effected 
with equal fiEunliiy. 

Without referring to the symbolical expressions for m 
and hy as above, in any particnlar case, we may find the 
numerical values of these quantities in a direct manniw : 
thus, in the case before us, we have to satisfy by suitable 
value for m and A, the two simultaneous conditions 

6 =4971+%, or 4m+%— 6 = 0) 
and 5 = 3m+ A, or 3m4- A— 5 = O] 

Subtracting the second of these from the first, we have 
w— 1 = 0, /. w = 1, /. (from the second), 3+A— 5 = 0, 
\ Jt = 2. 



• m 
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When one of the given points, as the point (a/', y^')^ is 
at the origin, then a/^ = 0, and y"=sQ'^ and the ec^^nation 
of the stndght line passing tlurongh the two points is 
simply 



as we already know from page 10,^ being the same ratio as 

A6 

To' 

whatever be the inclination of the axes. 



a/ 
— y wherever on the line the point (a/, y') may be, and 



Fboblem 3. — To find tlie equation of the straight Ime which 
jpasses through a given pointy a/nd is also jpa/rallel to a given 
straight Une, 

Let the given point be (a/, y') : we have for the general 
equation of every line passiog through it 

^— y' = w(aj— a/), 

and among these we have to distinguish that particular 
one which is parallel to the given line, y = m/x + h'. Now 
two lines are obviously parallel when their coefficients of 
inclination are equal ; therefore, we have only to give the 
particular value m/ to m, in the foregoing equation, and 
then it wQl become 

y— 2^ = m'(«— a/), 

which represents the line passing through the point 
(a/j^^), and parallel to the line y s= i»'»4-^'. 

For example :— Let it be required to find the equation of 
the straight line passing through the point (2,-3), and 
parallel to tiie line 5y^dx+4i = 0. Putting this equation 
m the form 

y ssWKB+A, it IS y = = aj— ^, 

•*• ^ is the coefficient of inclination ; and the required equa* 
5 

tion is therefore y+3 = ^ (a?— 2). 
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RuHLK 4. — The e^maUmu of two strmgkt U»u heiug 
^■M% to fimd & cQ-ordmaim Gf th^ j^omk m wMe^ i^j 



cqnatHBiB be 

We Bx^ i^iflse ecpusboiis tciin.eiaDE' fo m^Ij' tibsir tney' acff 
MaadtaaneoHf^ or tiafe tbe iFainfis q£ ai and. jf ace tiie SHiie ht 
Hm OBS as in the otber, as IJiej must be at tbe poixit wbere 
tiie fines mfcera ect ^ but at tbat point ank^. 

m — ml' m — iw' • 

Tbas oooQiid. finctkin maj^ be wrtttmfi 



m' 



w — m' ml ^m" 



80 tiiat ibe recpxcod c<Mir£zxates are 

If we take W zr W^ tibe two fines ifiE be paralld \ and 
these ezpresraons for x and ^^ i^ GO^ordinates of the point 
where thefy intersect^ wiH each, be infinite^ inmljing that 
Hie fines intesaeet onljr at an jniunte distance ; tii&t isy that 
Hissj do not intexaect at alL 

If V=^Wy tiioL a»=:0, and «:=r4'; i^uminflr tiiat the 
fixies intersect cm tibe axis of ^. 

PROBLHaf - 5. — To jmi an eQDpres;don for the tasngmii of the 
omgle of in^rsection of two §weit sirmght li/iss. 

In eat^ of the foregoing pEebl^aaLS the ases of relerence 
may be either rectangnlar or obfiqae : in the present prob- 
lem, we shall assume the axes to be rectangular ; as here^ it 
is not a matter of indifference, as it is in the fi>rxner problems^ 
' angle the aads of y makes with the axis of sv. 



ir 
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Let the expiations of the two giren' lines e LJ qh, be 

y =sm"aj+A", and y 

y = m"aj-A" ... (1) 

Then since the angle Max = Eiia 
+MEQ {Eudid-, Prop. 32, Bk. L), 
we have ehgssmgx— meo; or, 
calling this angle of intersection v, 
we hare v.=sc?'— a', where o', 
are put for the angles meq, mgx, 
respectively ; the teuogents of these 
angles, by (1), being m' and ml', 

But {Trigonometry^ p. 31), 

tan (a"— a'), or tan i; = 
that is, tan.«;i 




tan g^^— tan o! 
1+tan a! tan n" 



Therefore the given lines intersect at an angle of which the 
tangent is this expression. 

. The reciprocal expression for tan v is cot v (Trigonometry^ 
p. 15), that is, 

so that if i; = 90% in which case cot t; = 0, we must have 
the condition 1 +^W' = ; and therefore, 

mW = —1, or iw" = ,, 

itv 

Hence, if y = m/x + ^' be the equation of any given straight 
line, the equation of any line perpendicular to it will be 

y ss ,x+h. There are innumerable perpendiculars to 

the given line, since h is arbitrary, or open to any interpre- 
tation. K one of these perpendiculars be fixed by the 
condition that it must also pass through a given point 
(a/, y'), then, by Problem 1, its equation will be 

2/-2/' = --;(»-»')» 
m 

a line* perpendicular to y ^=m/x-\-h', and paasing through 
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A perpendicular to y^sm'x+Vy from the origin^ at 
which point a/ = 0, and 2^=0, is characterised bjys -/». 

1. Find the equation of the straight line which passes 
through the point (—5, *-8)y and is at the same time per- 
pendicnlar to the line 2y+S^— 4 ss 0. Ana. y =s liB+4. 

2. Find the point at which the two lines 3^— aj+I &= 0, 
and y+3a;— 1 = 0, intersect^ as also the tangent of the 
angle of intersection. Ans. x = — ^, y as ^^ ; tan =s f • 

§. Beqnired the equation of the straight line which passes 
through the point (—5, —3), and is at the same time 
parallel to iiiB line 2^+3a;— 4 = 0. 

Ans. y = —J *"■ V' 

4. At what angle do the lines 2y+3»+l =0, and zx 
— 8y + 3 = 0, intersect P Ans. 90*. 

5. At what angle are the heo straight lines represented 
by the equation (2^+a;)(3y— ^v) =s inclined to one 
another? Ang. 185^ 

Note. — ^As the left-hand member of this equation is com* 
posed of two Victors, the condition is satisfied in two ways, 
that is, by each of the two equations 

2y+x = 0, and 8y— a> =: 0. 

The proposed equation is therefore the algebraical ex* 
pression for the two straight lines of which tiiese are the 
equations. 

P90BLBM 6. — To find the equation of iJie siraight line which 
passes through a given point, a/nd which makes a given a/ngle 
loiih a given straight line. 

Let the equation of the given straight line be 

y ss rn/x+h' ; 

also let (x', y') be the given point, then the equation of the 
required line will be (Prob. 1)] 

y^y'=im(x'~xf) . . . (1), 

the constant m being at present unknown. Putting v for 
^be tangent of the given angle, we have (p. 17), 




ANALTTKUL OEOMITRT. 19 

V = = , or = = i, 

•• ^^^T~i — r» ^^ ** 1 r* 

1+m/v 1— w'v 

Hence the equation (1) of the line to be fonnd is 

^ 1+m't; 1 — w'l; ^ ' 

showing that^ in general, two distinct straight lines may be 
drawn, each makuig the given angle with the given straight 
line ; a truth which is also obyions from the simplest geo- 
metrical considerations : if a perpendicular be drown nom 
tbe point to the line, and two points, equidistant £Eom the 
foot of tibis perpendicular, be taken upon the line, it is 
plain that the two lines from the given point to these points 
will make equal angles with the given line. IS^ however, 
the gpiven angle be a right angle, then onlr one line firom 
the given point wHl fdlm the condition. Let us examine 
how the two expressions for m in (2), for this unique case, 
can become id^tical. 

1st. ^HLZHL =s ^ : and this, when t; = oo , is ^^. 
1— w't; 1 ,^/ w' 

V 

2nd. ,^'^f = y ; and this, when t; = oo, is 



1— m'v 1 _/ — m' 

V 

And thus the two lines (2) — ^which in all other cages are 
cUsHnct lines-— in this case unite in a single line, viz., the 
line 

which, as we previoiisly knew, passes through the point 
(a/, y')y and is at the same time perpendicular to the given 
line. 

It cannot but be interesting to the student thus to see 
how completely the analytictd conclusions satia% ell iSoiS^ 
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demands of Geometry, even in extreme, and wliat may at 
first sight appear to be exceptional, cases. And the like 
perfect consistency and harmony will be found to prevail 
throughout Analttical Geometry. 

Examples. 

1. Required the equation of the straight line which passes 
through the point (2, 3), and which makes an angle whose 
tangent is 2 with the line y = 4a;+5 P 

Ans. y-3 =|^(aj-2), or y-3 = -^(aj— 2). 
• 2. Required the equation of the straight line which passes 
through the point (—2, —3), and which makes an angle 
whose tangent is f with the line y = ^^•\-h ? 
^ Am. y-y* =^ HC*-*')* or y— y = — ^(aj-a?'). 

> S, Required the equation of the straight line which passes 
through the point (2, ^4), and which makes an angle of 
60** with the line 32/-5aj+& ? 

4. Pjrove that the equation 

2z/*— 3ajy-2aj«— y+2aj = 

represents two straight lines which are perpendicular to 
each other ; and that one of them passes through the point 
(1, 2), and the other through the point (2, — ^). 

Problem 7. — To find the analytical ex^^ession for the length 
of the ^erpenddcular from a given j^oint to a gi/ven straight 
line* 

Let LK be the given line, and mh the perpendicular upon 
it from the given point m. 

Let the equation of the given line from l be 

yz^mlx+h' . . . (1), 

then the equation of the perpendicular upon it from the 
point («', y') or m, will be (Prob. 6). 

y-y' = --/(«-«') • • • (2)- 

w .< 7/1' 
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Also the distance d of the point h, from any pcnnt («, y) 
in the line lk, will be expressed by 

D=^{aj-a/)«+(y-y')«} . . .(3). 




Now when h, the foot of the perpendicular, is the point 
in the Hne in which alone we are concerned, x and y will 
have the same yahies in (1), (2), and (3). 

Let ns then ascertain Ihe ralnes of a;— a^ and y—y'f from 
the simnltaneons eqnations (1) and (2) ; we may then sub- 
stitute them in the expression (3), and thus obtain for d 
the particular value h h. The easiest way of fintlmg a; —a/, 
and y^y'f is this. Put the equation (1) in the form 

y-y' = i»'(a;-.aO-y'+«iV+A' . . (4), 

to which it is evidently equivalent ; the equations (2) and 
(4) win thus both involve the unknown quantities a;— a/, 
and y^y'; so that their determination will be readily 
effected ; thus, subtract (2) from (4), and there results 

= (m'+i;)(aj-a/)-2^+mV+^', 

and by substituting this expression for a;— a/, in the equa- 
tion (2), we have for y — y', 



V 






m'»+l 
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and therefore for the distance (3), which distance, being 
the perpendicular mh, we shall <^ p, we have 

The constant m' is the tangent of the angle a which 
the given line (1) makes with the axis of x\ and we 

know (Trigonometiry. p. 9), that tan a s= ?, and that 

cos a 

V(tan 'a+1) = sec a = ; hence, by substitution, the 

foregoing expression for p becomes 

p = y' cos a— aj' sin a— A' cos a • . (6), 

a form of expression for the perpendicular from a point 
(a/, ^'), upon the line (1), that is, upon the line 

y = X tan a+A', 

which, in certain investigations, is to be preferred. 

If the point (a/, y^) be the origin, the expression (4) will 
become 

—h' 
p = ^^ — =- , and the expression (6), 

p= —A' cos a « . (6). 

Either of the expressions (4), (6) may be written down 
at once in any particular case without any eJSbrt of memory ; 
for the equation of the given line being put in the form 

y— wi'aj— y = 0, 

the left-hand member of the equation is always the nume- 
rator of the fiuction p, when the co-ordinates of the given 
point (oj', y') are put for x, y ; and the denominator is 
always ^/(mf^ + l)^, that is the secant of the angle a at 
which the given Ime is inclined to the axis of x. 
If the general equation of a straight line be written 

Ax-^By+c = 0, which gives m = — , and h = — - 

B B 

the value of f takes the form 
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which, when (o^, f/) is the origin, is simply 

Examples. 

1. Required, the length of the perpendicular from the 
point (2, 3), upon the straight line 2y— 5aj+7 = ? 

In this particular case, the expression for p, marked (7), is 

2y'-Ba/+7 6-10+7 _ 3 
>v/(2» + 5«)'^ ^/29 a/29' 

2. Required, the length of the perpendicular from the 
point (3, 2), upon the line 5y— 2aj = ? Ans. p = — _^ 

3. Required, the length of the perpendicular frowL the 
point (—3, 5), upon the line 3y +4aj = 12 ? Ans. p = — ^. 

4. Required, the length of the perpendicular from the 
point (3, 5), upon the Ime 7»— 3y — 9 = ? 

Ans. p = rrpr 

a/58- 

Note. — ^The minus sign in this, and in the answer to the 
last Example, may be suppressed ; the length of the per- 
pendicular has nothing to do with the sign which the 
algebra prefixes to it. The student will find an explanation 
of the cause of the entrance of this superfluous sign at the 
end o>f the present section. 

5. Requured, the length of the perpendicular from the 
point (5, —2) upon the line y = « tan 20**+3 ? 

Ans. P = 5(cos 20**+ sin 20^). 

6. Required, the length of the perpendicular from the 
point (0, 0) upon the Ime y = ^>v/3— 2 ; or, which is the 
same thing, upon the line ^ = a; tan 30^—2 ? 

Ans. p = v'3, or p = 2 cos 30°. 

Problem 8. — To Jmd the equation of the straight line which 
Insects the a/ngle l>eiween two given straight lines. 

Every point in the straight line which bisects an angle 
is evidently such that the two perpendiculars drawn from 
it to the two sides of the angle must be eqtud, and that i\^^ 
cannot be equal except the point feoTa. tnVv^^ \5i\w3 «t^ 
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drawn be in tHe bisecting line. Hisncey if (x,'y) deliote 
any point indifferently in the bisector, and we write first 
the expression for the perpendicular from it to one of the 
two sides of the angle, and then the expression for the 
perpendicular upon the other side, the two expressions will 
DO e^^l ; that is, we shall haye an ec^nation in which x and 
y will be the only unknown quantities, and which will 
therefore exhibit the relation between these two variables ; 
in other words, we shall get the equation of the required 
line. 

EXAHFLES. 

1. Required, the equation of the straight line which 
bisects the angle between the lines whose equations are 

6y-2ajas0 • . (1), and8y+4a-12 =0 . . (2). 

1st. The perpendicular from any point (x, t), upon (1), is 

^_ 5t-2x 

"^ V29"' 

and the perpendicular from the same point upon (2), is 

_^_4x+3t-12 
F g 

But if (x, t) be a point in the line bisecting the angle, 
then p =s]^, that is, putting now the symbols x, y^ for x, T, 

5y-2g? _ 4g+3y-12 
v'29 5 ' 

or (26-3i/29)y-(10+4>v/29)aj+12 v^29 = ; that is, 

8-8%-31-62aj + 64'56 = 0, 

the equation of the bisector of the angle. 

It will be convenient here to define the term locus. The 
locus of a point varying in position is the line, whether 
straight or curve, in which tne point, in all its positions, 
is placed ; so that when we enquire what is the locus of a 
point satisfying certain conditions, we ask for the determi- 
nation of the Une which the varying point traces out. The 
present problem might be otherwise proposed in the follow- 
ing terms, namely: From a point between two given 
straight lines a perpendicular to each line is drawn ; these 
perpendicnIarB are equal ; what is the locus of the point ? 
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The answer would be, that the locos is a straight line 
jMUwing through the point of junction of tbe two given lines, 
if they meet ; and parallel to them if they themselves are 
Murallels : it is an ODvious inference fix}m the ft^ct that the 
focus is a strwigM line, and that each point in it is eqni- 
diitant from the siyen lineSi that it bisects the anele between 
tiie sides of whidi eveiy point in the lino is posned. 

£The stodent is recommended to constract, at least 
ronghlj, the lines in each of the following examples, taking 
any convenient len^h he pleases for the nnit ox measure ; 
and to notice especially between which of the two adjacent 
anffles formed by the given Unes the bisector is drawn.] 

2. Bequired, the equation of the straight line which 
bisects tne angle between tbe lines ^y = bx-\-12^ and 
5y-4aj+l = OP Ans. «+af+18 = 0. 

8. Bequired, the equation of the straignt line which 
bisects tne angle between the lines 3y-|-2^— ^ = 0, and 
8aj-2w+9s=sOP Ane. 5v-aj-16 = 0. 

4. Acquired, the equation of the straight lino which 
bisects we auffle between the lines 2^— |a;+4r=5 0, and 
2/+8»-6»OP 

Ans. (4^10-5)y-3(5+ a/10)« +80+ 8^/10 = 0. 

5. Bequired, the equation of the straight line which 
bisects we angle between the lines 2f/+a;— 5asO, and 
3y-«+8=sOP 

Ane. (2>v/2-8)v+(l+V2^aj-r8 + 5V2)=:0. 
It may be well to notice here that when tne equations of 
two given straight lines, written in the form 

A«+By+c=sO, a'»+b'2/+c'=sO, ... (1) 

are either added together, or one subtracted from the other, 
tiie resulting equation 

(Aaj+By+c)±(V«+B'y+c') = ... (2) 

is always the equation of some straight line passing through 
their point of intersection, whenever the lines do intersect. 
For the equation is that of smie straight line, because it is 
of the first dcffroe; and it passes uirough the point of 
intersection of the given linos, because it is satisfied for the 
pair of values for «, ^, which cause the two compound terms 
of the equation to vanish simultaneously. The equation of 
the line which is the answer to Example 2, is the difference 
of the equations of the given lines ; and in this case, tho 

c 



26 ANALYTICAL QEOMETkT. 

line passing tliroagli the intersection of tHe given lines 
turns out to be the bisector of the angle formed hj them. 

What is here said, applies, of course, when one or both 
of the compound terms of (2) are multiplied by any con- 
stant factor ; thus, the equation 

a(Kx+By+c)±h(A!x+^y+o')=0 . . . (8) 

represents a straight line (or rather two straight lines) 
meeting the lines (1) at their point of intersection } and if 
the constants a, 5, be 

_ 1 , _ 1 

then the two adjacent angleSy'^one the supplement of the 
other, formed by the two lines (1), will be bisected by the 
two lines (3). 



On the sign of the perpendicular from a given point vpon a 

given straight line. 

In the original conventions of Analytical G^eometry, no 
special provision is made for the directive signs of straight 
Imes oblique to the co-ordinates; and when the length 
only of any line is to be determined, a sign, prefixed to 
the algebraical expression for such length, is, of course, 
superfluous : yet when the algebra furnishes such a prefix, 
it will always be found to do so as a necessary conse- 
quence of the co-ordinate conventions. The sign prefixed 
to the length of the perpendicular £rom a given point to a 
given straight line, is an illustration of this : ^us, sup- 
pose the line ln, in the dia^am at p. 21, to turn about 
the point l, till it come into the position of parallelism with 
the axis of y : the perpendicxdar upon it from A will then 
be al ; which, being in a co-ordmate direction, will, of 
course take the sign mintis. This, however, it would not 
do, but for the minus prefixed to the general expression (6), 
for a perpendicular upon any straight line from A ; since 
throughout the revolution of the line ln (making an acute 
angle a with lx) the sign of cos a is + > and that of h\ or 
AB, is also +y however remote the point b may be. 
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If we refer to the diagram immediately before the one 
here considered (p. 1 7), and regard hg as me givem line, this 
Itftgle a is ohtuise ; and if the line tnm about H, till it cotne 
into the extreme position of parallelism with the axis of ^, 
the perpendicnlar upon it from A will then be ah ; which, 
being in a co-ordinate direction, will take the proper sign 
jplus : this, however, it would not do, but for the mmus 
prefixed to the general expression (6), in which cos a is 
negative throughout all the successive positions of the 
revolving line up to the extreme limit ; and h\ or ah, is 
jpositive. To these remarks we mav farther add : 

1. The sign of the denominator, in the expression marked 
(4) at p. 22, is never ambiguous, for that denominator is 

^e seea/at of the fixed angle a which the line makes 
towards the right with the axis of x. Its sign is that of m'. 

2. The sign of the numerator is + or — , according to 
the relative positions of the line and the point : here, too, 
there is no ambiguity of sign ; one or other appears of 
necessity, as an inevitoble consequence of the co-ordinate 
conventions. If the line be moved in its own direction, 
and then parallel to itself, carrying the perpendicular 
with it, till the point coincides with the origin, the proper 
sign wiU be ascertained from the expression (6) already 
referred to ; and we thus see how improper it is (as is, 
however, frequently done) to prefix the ambiguous sign to 
the expression (4), when the point and the line are both 
faed. 

3. When, however, the point is not fixed, that is, when 
we do not know whether it be situated on one side of the 
given line, or on the other, for two points may be equi- 
distant from a straight line lying between them, then 
indeed the sign of the distance is ambiguous ; if the sign 
for one of the perpendiculars be jplus, the si^ for the 
Opposite perpendicular, in virtue of this opposition, must 
he minus ; but which of the two is entitled to the phis, 
and which to the mirms, can be ascertained only by refer- 
ence to one or other of the general formulas above alluded 
to ; or by imagining the given line to revolve into a posi- 
tion of parallelism with one of the co-ordinate axes, in the 
manner ahready explained. 

Let us now consider the cases coming under Problem 8, 
' the cases, namely, in which two perpendiculars, of equal 

c 2 
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lengUis, are to be drawn from a point (nndetermined) 
upon twp straiglit lines meeting in an angle : tlie two 
frtaraiglit lines CL, ef, for instance, meeting in tke point h. 




Let P be one of the points in the line of points, all lying 
withm the angle che, snch that ph=pk; and p' one of 
the points witibin the supplemental angle ehl, such that 
p'm = p'n', each point fnlfilling the proposed conditions; 
then the locus of P is the straight line bisecting the angle 
CHE, and the Jocus of p', the straight line bisecting tiie 
angle ehl. ConceiTe cXi to turn about c till it comes into 
parallelism with e f : then the perpendiculars upon the two 
Unes BF, cl' from P will be pm, pm' lying in opposite direc- 
tions, and therefore claiming opposite signs ; but the per- 
pendiculars from p', namely, p'm, p'm', lie in the same 
direction, and therefore claim the same signs. 

In the example worked at p. 24, we have assumed the 
two perpendiculars, there represented by p, p', to have the 
^ame signs ; that is, to be either both plus, or both minus. 
In consequence of this assumption the line which the 
analysis determines is the bisector, not of the angle che, 
but of the exterior angle ehl;* and in each of the ex- 
amples which follow tlus, the circumstances are the same. 
Let us, however, now take the expressions for p and p' 
(p. 24), with opposite signs ; that is, let us take 

2^-% ^ ,^ 4.+3y-12 
>v/29 ' 5 ' 

^ The two intersecting lines cl, ef, in the diagram, are drawn arbi- 
tranly, and are not adapted to any particular example. 
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tlien the equation p = p', will be found to give 

4114y +ll-52«-64-56 = ; 

for the equation of the straight line which bisects the angle 

CHS. 

We may verify this as follows ; making, of course, due 
allowance for the very limited number of decimals (only two 
places) to which^the coefficients have been computed. 

The equation oS the external bisector, at p. 24, is 

_ 31-52 64-56 ... 

^""¥86 """"SW • • • ^^' 

and that of the line here affirmed to be the internal bisector, 
is 

11-52 ^64-56 ,o\ 

^=-4104^+4114 • • •(^>- 

Mraw^ = -28. . .,andll:g = -28 . . . 
31*52 41*14 

Consequently the lines (1) and (2) are perpendicular to 
each other (p. 17), so that if one of them bisect either 
angle, the other must bisect the adjacent, or supplementary 
angle ; for the two bisectors are necessarily the one perpen« 
dicular to the other. 

If we take Example 2 (p. 25), and treat it as above, we 
shall have, for the equation of the line, 

y-X- ^ = 0, 

that of the line 

2/+aj+13 = 0, 

in the answer to that Example, being perpendicular to it^ as 
it ought to be. And similarly of the other examples.* 

We shall now apply the principles established in this and 
in the preceding sections to a few problems of geometry in 
which intersecting straight lines are concerned. 

* The foregoing discussion, which the editor believes to hare som 
dum to novelty, cannot fail to be satisfactory and instructive to the 
enquiring student. 
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Sbction IV.— PKOBLEMS CONCERNING THE INTERSECTIONS 

OF STRAIGHT LINES, &c. 

Peoblem 1. — To deteitnine whether or not the jperpendicvlars 
drawn from the three vertices of a jplane triangle to the 
opjposite sides f all intersect i/n one point. 

Let ABC be any plane triangle, and cb, 
AF, BE, the tliree perpendicnlars to the sides 
opposite to c. A, B, respectively. 

Take the base ab for the axis of a;, and 
AY, the perpendicular to it, for the axis of y. 
^B Pnt aj' 2/' for tiie co-ordinates ad, dc, of 
the point o ; also for ab, the abscissa of the 
point b, pnt x" : then the analytical representations of the 
three points will be 

for A, (0, 0) ; for B, (0, x") ; and for c, (a/, y') ; 

and our object is to ascertain whether the abscissa of the 
point of intersection of A f, be, is also the abscissa of the 
point c ; that is, whether the x of this intersection is xf. 

The straight lines concerned in this enqniry are thesc^ 
namely, 

AC, passing throngh the two points (0, 0), and (x' y'). 

bc, passing throngh the two points (aj", 0), and (aj', y'), 

BE, passing throngh the point (a;'^ 0), and perp. to AC 

AF, passing throngh the point (0, 0), and perp. to BC. 

The equations of these four lines are as follows, namely : 

Eqnation of AC, y = ^^^ a? ; 

Equation of BC, y = -7^^—77 (a5— aj") ; 

a/ 
Equation of be, y = — — (x-^x") ; 

y 

Equation of AF, y = j— x, 

y 

Kow at the point where AF, be, intersect, the ordinates 
must be the same for both lines : hence at this pointy we 
2na8t have 
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^ (a? - x") = ^-^jf- X, .\ a/(aj-a/0 = (a/ - x^')x .\ x^J. 

Consequently the abscissa ad of the point p, in wHicii 
the lines af, be, intersect, is also the abscissa of the point 
c ; that is, the perpendicular CD. passes through the point 
p, at which point therefore all the three perpendicolars 
meet. 

Problem 2. — To determme whether or not the straight lines 
drcwm from the three vertices of a triangle to bisect the 
opposite sides meet in the sa/me point. 

Let the axis of x coincide with the base ab of the triangle, 
the axis of y^ being drawnr from a perpendicular to ab ; 
let AB be caUed c : then putting a/, t c 

y\ for the co-ordinates of c, the 
three points A, b, c, will be analyti- 
oally expressed thus : 

A, (0, 0); B, (c, 0) ; C, (a/, y') ; and 

since d, e, f, are the middle points 
of AB, AC, BC, we shall have 

vf HB c— aj' 

therefore, AG = 2 Ai+HG = «'+ IZ— .=£+_ ; bo that we 

have for the points d, e, f, the following analytical expres- 
sions: 

Now each of the lines af, be, cd, passes through two 
fixed points, the co-ordinates of which are stated above ; 
therefore the equation of each line is of the form 

aj — aj 

and substituting in this equation the particular values for 
a/, y' ; a?'', y", already determined, we have 
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2 

PiKST ; for AF, the equation y— = ^ («~0) ; 

that is, y = — ^--/ », the equation of af . . , (1), 
Second ; for be, the general form above becomes 

that is, y = — ^ ^^ (a?— c), the equation of be . . . (2). 

Thibd; for CD, the general equation gives 

thatis,y=^^y-t:^^^^-^^yS 

•*• y = o^ — (2« — <5)> tte equation of c d . . . (3) . 

Now, if these three lines (1), (2), and (3), all meet in the 
same point (x, ^), there must be values for these co- 
ordinates which will satisfy all three of the equations, but 
not else. Equating (1) and (2), we have 

c-haj' a/— 2c ^ ^ 

/. 2a/y'aj— cy'as = 2c2/'«— cV+2aj'y'aj— csuy, 

that is, Soy'x = cy'(o+x') .•. x =--^ > a^^d this value of a?, 
substituted in the equation (1), gives for the corresponding 
value of y,^ =^%-' Hence the co-ordinates of the point in 
which the lines af, be, intersect are 



ANALYTICAL QEOMETBT. 33 

Again : equating (1) and (8), we liave 

/. chi'-\'Ca/y' = Scj^'aj, /.-^^ = «, and /. y = |' • 

so that the co-ordinates of tHe point in which af, be, meet, 
are the same as the co-ordinates of the point in which af, 
CD, meet ; that is, all three of the bisecting lines meet in 
the same point. 

Second Method of Investigation. 

Let MC, which bisects ab, be taken for the axis of y^ and 
MB for the axis of x ; then h', m^', being the middle points 
of AC, BC, a parallel to cm, from m', will 
bisect AM, and be eqnal to half CM. In. 
like manner, a parallel to cm, from m^', 
wiU bisect mb, and this trill also be equal 
to half CM : hence, if (x\ 0) denote the 
point b, the point A will be (^a/, 0) ; and 
if (»", y") denote the point m", the point 
m' will be (— «", y") : therefore, the points concerned will 
be analyticallj denoted thus : 

A, (-a/, 0) ; b, (a/, 0) ; m', (-a/', /') ; m", (a,'', y"), 

and consequentlj the equations of am'', bm', will be 

y = -7X— , (»+«^)> ^6 equation of am" • . . (1), 
a/'+» 

y as —^- — ^ (iB— ic'), the equation of bm' . . . (2)» 

Now, if these two lines intersect on mc, the axis of y, they 
must have a common ordinate, mp, at the origin ; in oth^ 
words, (1) and (2) must give the same value of y for the 
yahie = ; if such be not the case, the two lines cannot 
have their intersection on the axis of y. Putting a; ^ in 

c3 
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(1), there results y =— ,^— ^ «'; and putting a; = in (2), 

there results y = — ^j — , (— «') = -7^ — , x'\ 

therefore the ordinate of the point where one of the two 
lines am'', bm', crosses cm, is tiie same as the ordinate of 
the point where the other crosses cm: hence -the three 
bisecting lines all meet in the same point P ; the ordinate 
PM being, 

as"+a!' fe' ' 

i • - • 

Third Method of Investigation, 

Let the axes now be ab, at, the latter being parallel to 

MC; also let C be (a;', y'), then B will be 

c (2aj', 0) ; M^; (^', y), and m"; (aZ+^aj', 

^y') and we have to ascertain whether the 

s^ straight line through A, (0, 0), and the 

second of these, and that through b, (2a/, 0), 

jlV^ I "^B and the first, intersect in a point of wliich 

the abscissa is a; = a/. 

The equation of am" is y = |^aj, and the equation of bm' 

2ar— Jaj' ^ 

At the point of iirtersection, these equations are simul- 
taneous, 

. X _2aj'— a/ * _ ^ 
• • ^ 3 — ' • • * — ^ \ 




Hence the two lines am", bm', intersect on cm. 

PM=4 CM, 



, ( The 2/. of this intersection is 2/ = |^aj' = ^y' ; that is> 



-: Problem 3. — To determine whether or not the straight lines 
bisecting the three angles of a triam^le meet in a jp&int. 

Let the straight lines af, be, bisect the two angles A, b 
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of the triangle abc; the question is, do these lines inter- 
sect each other on ob, the liiie which bisects y c 
the angle c ? \ /k 

Take DC, db, for axes of co-ordinates, and \ ^.7 \\ 
let P be the point in nc where the line ap 1 A^n^^ 
crosses no; and if possible let be cross dc ^\/A\ y^ 
in some other point p'*; then the equations . « , * 

^AP, BE are tp. 8) 

AP, - *-^+y =1;BE, ^+-^-, = 1. 
— DA DP . DB dp' 

Th0 ordinates of the points where these lines cross the 
axis of 3/, that is, DC, are y = dp, and y = dp', and we have 
now to ascertain whether these ordinates are eqtial. 

By Trigonometry 

PD sin j^A __ sin ^ A , 

AD sin^(A-|-c) "" cos ^B ' 

p'd _ sin ^B _ sin jB , 
DB "" sin i(B + c)"" cos ^A ' 

. ^R = sinii^cosjA DB ^ sin^ smB ^^^^^^ 3^ yjy 
p'd sin ^B cos ^B AD sm B sm a 



• • 



/. I^ = 1, .-. PDssP'd. 

Hence p and p' are one and the same point on CD. 

Second MetTiod of IiwesUgaUon. 

The same obliqne axes of reference being taken as 
above, we have —da for the abscissa of the point A, and 
DB for the abscissa of the point B ; consequently the equa- 
tions of AP, BE, may be put in the following forms (p. 8), 
namely. 

Equation of AP, 3/ = m(aj + ad) ; 

equation of BE, 2/ = Wi(aj—DB). 
The coefficient w, as shown at p. 10, is the ratio 

* This hypothetical point p' is not in the diagram : it is proved that 
p and F^ are identical. 
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— sin FAB _ sin ^A _ sin ^A 
"" sin (C-DB— fab) ~" sin ^(a + c) cos ^b* 

And in like manner, 

sin 4b 

7»i.S= f-. 

cos^a 

If these values of m, and Wi, be substituted in the equa- 
tions of AF and BE just given, and then 0, the abscissa of 
the origin, be put for x in each equation, the resulting ordi- 
natea at the origin will be 

for AF, y = ^-1- AD I and for be, y 3= ??J[^db : 

'^ COS^B ' ^ OOB^A ' 

and it now remains to be ascertained whether or not these 
two expressions are identical. 

in order to this, substitute for ad its equal, namely, 

* ^ ^ 8^ ^r.^ ^ l^ cos 4b^^ 

AD s= DB = ^*— DB 

sin A sin ^A cos ^A 

(see Trigonometry^ p. 27) ; 

and the first of the above expressions for y becomes 

sin 4b_ _ 
•^ cos ^A ' 

which is identical with the second expression for y ; hence 
the three lines af, be, cd, all meet in the same point p. 

From the careful study of these worked-out examples 
the learner will no doubt be able to investigate the fol- 
lowing for himself. 

Problems fob IIxercise. 

1. It is requifed to jJrbVe that the perpendiculars, drawn 
from the middle points of the three sides of a plane tri- 
angle, all meet in the saihe point. 

2. A line is drawn parallel to the base of a triangle, and 
from the 0xtremities of this line, lines crossing each other 
in a point p, are drawn to the extremities of the base. Prove 
that the locus of p is a straight line from the vertex to the 
jniddle of the base. 
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3. In any parallelogram let a diagonal be drawn and 
prolonged ; let also a diagonal of each of the parallelograms 
about this diagonal be drawn and prolonged. Prove that 
the three lines thns drawi^ all meet in the same point. 

4. If (a/, 2^), («", y"), (a/", f), be three points in the 
same straight Ime, prove that the co-ordinates must satisfy 
the following condition, namely, 

5. It is required to assign the relation amongst the co* 
efficients in the three equations 

y = w'aj+ A', y = m"aj + /*", y = m'"x^h!'\ 

so that the lines represented by them may all pass through 
the same point. 
The rehition is 

6. It is required to express the area of a triangle in terms 
of the rectangular co-ordinates of its three vertices, these 
'vertices being the points (aji, y{), (aj2, ^2)? (^3> ^3)* 

The expression for the area is 

And if one of the vertices, (0^3, ^3), be at the origin, the 
expression is. 

Area = i(«2yi— aJi^a)- 



Sbctiok v.— on the circle : THE EQUATION OF ITS 

CIRCUMFERENCE, ETC. 

Let r be the radius of any circle of which the centre is ; 
and let Aa;, ky^ be any pair of co-ordinate axes. 

Then if (a, /3) denote the centre 0, and (a;, y) any point 
Hin the circumference, the distance om, between the points 
(a, /3), and (a?, y) will be (p. 4) 

(«-«)»+(y-i3)» = r» . . .(1), 

all eqtiation which applies to every point in the circum* 
ference, and is therefore called the general eqtiation of the 
circle i7i reference to rectangular axes. 

That the equation is satisfied oftily for points in the 
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fiircnmfereitce, and can neTer denote a point Dot of'i^ 
oircnmference may be easily Bbown. Let K be any point 
taken either 'mihin or witbont tbe 
circtunfereDoe ; tben tbe distance ok 
between (a, 0') and 
tbis point (se, y") is 
" (a,-a)»+(y-/3)« = 0S*. 

"#,' Id" Bat if tbe point m be witliin tbe 
■ ' circtunference, on will be less than.OM 
or r ; and if it be witbout the circnm- 
~ ference, ok will be greater then om 
or r, BO tbat the eqnation (1) cannot 
be satisfied nnleaa the point (x, y) is on 
tbe circmnference of the circle whose radias is r, and centre 
(a, py ; and these constants o, fi, and r, being giv^ or fised, 
IJie individnal circle becomes fixed botb in magnitude and 
sitaation ; and points in its circamference, oa many as we 
please, may be determined Scorn tbe equation (1). 

Tbis general equation of the circle leaves tbe origin of 
the rect^i^ular axes quite unrestricted as to position ; but 
if tbe origm be a point on the circumference, the equation 
takes a simpler form : tbua, sappoae the origin to be at A', 
tben, since in tbis case a'+ji^, ih&t is A'c^ + Bo'sr", 
tbe general form (a;— a)*+(i/— /S)^^ »■*, or »*— 2aa! + o* 
+ y'— 2/5i/+/3^ =r^, becomes 

a!*-2dj!+i/S-2/3y = 0, ora!'+3/'-2(oic+ft/) = . .(2), 
the equation of the circle when tbe origin of tbe rectangular 
axes is on the circumference. If nnd^ this condition as to 
the origin, the axis of x (a" a), pass tbrongb tbe centre, 
in which case a = r, and /3 = 0, tbe form becomes still 
more simple ; it is then 

' a' + y^^2rx = 0, or y» = (2r-x)x . .' . (3), 
the equation of the circle when tbe origin is on the circum- 
ference ^id the azia of x passes through tbe centre. 

Bat if the axis of y pess tbrougb tbe centre, the form is 
3?+y-^-.2fy = fi,OTX^ = (2r-y)y . . . (4r), ' 
since then a = 0, and'^ = r. 

The simplest form of all ia when the centre itself is tbe 
origin, for then a and /3 hofh disappear from the eqnation, 
wbicb becomes reduced to 

■ V+s> = ,^ ... (5) 
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the eqnation of tlie.cirple when ilie origin of the rectangolor 
axis is at the centre ; and on account of its superior simpli- 
ciiy, this is the form in which the eqnation of the circle is 
nsnailj expressed when we are at liberty to take any point 
we please for the origin of the axes. 

'From, the eqnation (3) a geometrical property of the circle 
at once suggests itself; for that equation, being convertible 
into the proportion 

xly ::y: 2r— », 

that is, a'^b : bm :: bm : BO, 

we infer that a perpendicular MB from any point in the cir- 
cumference of a circle to a diameter a" q, is a mean propor- 
tional between the two parts a'^b, bg, into which the 
perpendicular divides the diameter. * - 

By writing the equation just referred to ihasi^x^+y^ 
s= 2nB, another property may be readily deduced as follows : 
Draw the chord a"m, then the interpretation, of the first 
member of this equation is a"b' + bm^ which is equal to 
a'^v? ; and that of the second member is a'^g X a''b^ so that 
a"gxa"b = a"m*; that is, 

a"g : a"m :: a"m : Vb, 

showing that a chord drawn from one extremity of a 
diameter is a mean proportional between the diameter itself 
and that remote part of it which the perpendicular from the 
extremity of the chord cuts off. 

UquaUon of the circle referred to ohlique axes. 

When the angle a is an oblique angle instead of a right 
Jkngle, the equation of the circle is less simple ; we arrive at 
it thus : . 

Putting, as before, a, /J, for the co-ordinates of the centre 
0, r for the radius, and (aj, y) for any point m in the cir- 
cunjference, we have (page 5) for the dist^ce cm, that is, 
.for r, 
, (aj-o)2+(2/-/3)H2(aj-a)(2/-/3)cosA = r2 . . (6) 

•which is the general equation of the circle when the axes of 
reference are oblique; it reduces to the general equation 
for rectangular axes when cos a = 0, as it ought to do. 
When the oblique axes originate at the centre, the equation 
is evidently 
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a.«-l-y«4.2ajy COS A = r« ... (7) 

In the more general equation (6), tlie origin is anywhwe 
in the plane of the circle, and the angle A is of any magni* 

Y 




tade, in consequence of which unrestriction we may readily 
deduce from (6) the properties of the circle which are 
demonstrated in Propositions 85, 36, and 37, of Euclid's 
third book ; thus : let A be mthin the circle ; tiien if in the 
equation (6) we put aj = 0, and solve the resulting qttadratic 
equation, the two roots or values of y will denote the two 
segments of the axis of y within the circle, these segments 
bemg one on one side of a and the other on the opposite side of 
A ; and if in the same equation we put y = 0, the two result- 
ing values of x will be the corresponding segments of the axis 
of X within the circle, and measured from the same point A 
also in opposite directions. Now, whether we put « = 0, 
or y = 0, in equation (6), the alwolute term (that is, the 
term independent of x and y) in the one case is the same as 
the absolute term in the other, when r* is transposed to the 
left ; this absolute term, thus common to both the equations, 
being obviously a*+/3*+2a/5 cos A— r*. But the absolute 
term of any equation with a single unknown quantity, the 
coefficient of the highest power of that quantity being unit, 
as here, is the product of the roots of that equation ; hence^ 
the product (or rectangle) of the two segments of the one 
chord which passes through A, is equal to the product (or 
teotangle) of the two segments of the other chord passing 
through A ; in other words, if two chords of a circle inter- 
sect, the rectangle of the segments of the one is equal to the 
rectengk of the segments of the other. Again, let the 
origin A be wUhcmt the circle ; then in a similar way is it 
shown that the product of the two segments of the axis of 0, 
between A and iiie circumference, is equal to the product of 
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the two segments of the axis of y between A and the cir- 
cimif(»«nce. When either axis touches the circle, the two 
coiresponding roots are eqwd ; and the rectangle of the 
oliier two segments is eqiial to the square of this touching line. 

Problem 1. — To determine the conditions which are to he 
fulfilled in order that two circumf^erences of circles may cut 
one a/nother^ or touch each other. 

Let Oy o', be the centres of the circles, and 9', /, their radii ; 
let also the distance oo' between the centres be d. 

Take the line through the centres for the axis of x^ and 
a perpendicular to it or, from o, for the axis of y. 

The circle, of which the radins is r, will have for its 
eqnation 

2^«+aj« = r« . . . (1). 

The other circle, of which the co-ordinates of the centre 
ase d and 0, will have for its equation 

y«+(«-d)* = t^ . . . (2). 

The co-ordinates of the points in which these two circles 
intersect will be found by determining the values of x and 
y from (1) and (2), treated as simnltsmeons equations. 

These values turn out to be 

^r^-r^' + d* 
"" 25—' 

As the first &ctor under the radical sign is positive, y will 
be reoZ, provided the three other £EuHx)rs are either all posi- 
tive, or one of them positive, and the other two negative. 
But this last circumstance cannot happen, since if one of 
these three &ctors is negative the other two must be posi- 
tive ; thus, suppose the fiictor 

(r+(i— r')<0, then (r+(i)<r', /. rK'r', and dKr* i 
consequently, r'—r is positive, and r'—c? is also positive ; 
much more are r'—r+d positive, and r'—c^+r, or r'+r—c^ 
positive. 
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Hence 1. If one of the three &ctors be negative, since 
the other two must be positive, the expression above, under 
the radical sign, will be negatwe, and therefore the value of 
y, imagma/ry : there will be no point of intersection, so that 
the two circumferences must be separated by an interval. 

2. If^ however, there be no negative factor, the expree« 
sion for y will be real, and the two values of it will be 
equal, but of opposite signs ; so that the circumferences will 
intersect in two points, and the perpendicular to the line 
joining the centres, from one point, will pass through the 
other point, this perpendicular being the chord common to 
both circles. 

3. If either of the &iCtors be 0, the expression for y will 
be 0; so that the two circumferences will have only one 
point in common, and that is on the line joining the centres ; 
the circumferences the^^re' touch at this point. 

It follows, therefore, that when all the foctors are positive, 
the circumferences intersect in hjoo points ; that is, when 
the sum of any and every two of the quantities r, /, d, is 
greater than the third; that the circumferences merely 
touch when one of the faiictors is zero, that is, when the sum 
of any two of these quantities is equal to the third ; and 
that the circles are wholly separate^ when the sum of any 
two of the above quantities is less than the third. 



Uquation of the tangent at a given point in the cvrcumference 

of a circle, 

y Let the centre of the circle be 

taken for the origin of the rect- 
angular co-ordinates, and let the 
point M, represented by («', y'), 
be that at which the tangent is to 
be applied. 

The equation of OM is y = ^«, 

and since the tangent tb, passing 
through (a/, y'), is perpendicular 
to this line, its equation i^ 

y—y' = — ^(aJ-«0> or y'y-^x'x = y'^+a'*, 
that IB, y'y-^-x/x = r^ is the equation of the tangent. ' 




X' 
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-'But, without availing onrselYes of the geometrical pro- 
periy, that a tangent to a circle is perpendicular to the 
raditLS drawn to the point of contact, we may proceed 
ofiherwise as follows : 

First suppose a secant to be drawn through m ; that is, 
through (a/, y')> ^^^ ^^ through a second point («", y") ; 
then (p. 13) the equation of this secant will be 

and since both the points are on the circumference, they 
must satisfy the conditions 

2/'2 + a/2=r2 . . . (2), 

^"2+a/'2=:r2 ... (3). 

Subtract (3) from (2), and there results 

2/'^-2/"*+»'*-»"2 = . . . (4). 

But since the difference of the squares of any two quanti- 
ties is the product of the sum and difference of the quantities 
themselves, the equation (4) may be written 



• • 



a/-aj" 2/'+y" 



and in this way we get a more convenient expression for 
the co-eflBLcient of (»—»') than that given in equation (1) ; 
which equation may now be written 

a form which, when the two points (»', y'), (x'\ y") coalesce 
into a single point («', y'), that is, when a?'' = a/, and y" = y\ 
becomes 

y^y' -= — -fix—x'), or y'y-\-x/x = x'^'\-y'^ 

or y'y+x'x = r*, 

the equation of the tangent as before. 

The object of changing the form of the co-efiicient of 
(x^xf), in (1), for the form equivalent to it in (5), is that 
when a;" = x\ and y" = y', the indeterminate form % may 
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be replaced by a determinate form, namely, — ,. Since the 
equation of OM, the Hne tbrongb tbe origin to the point 
(a/, V), is y = ^aj, we may now infer the property assomed 

OS 

in the former invedtigation, namely, that the line from the 
centre to the point of contact is perpendicular to th^ 
tangent. 

Equation of the tangent to a circle from a given pomt 

without the circle. 

Let (a, h) represent the given point p, when referred to 
rectangular axes, originating at the centre of the circle. 
It is required to find through what point (»', y') on the 
circumference, the liue from P must pass in order that it 
may touch the circle. 

The point (»', y') being on the circumference, we must 

have 

a/«+y'2 = ^ . . . (1). 

Also, since the point (a, li) is on the tangent at the point 
(«', y')^ the equation of which tangent is 

y^y+x'x=^r\ .\ y'h+ a/ a^ or oaf i-hy' =ir^ . . (2). 

Now fix)m the equations (1), (2), the co-ordinates a?', y', 
of the point of contact m, may be determined; and the 
equation of the tangent pm, wQl obviously be that of the 
straight line passing through the two known points P and 
M. It is, however, evident, since the equation (1) is of the 
second degree, that there will be two vidues for a/, and two 
corresponding values for ^, so that there will be two points 
M and m', to either of which if a straight line -from P be 
drawn, the circle will be touched by that line ; that is, from 
the same point p, two tangents to a circle may be drawn. 

It is easy to see that the analytical representation of the 
co-ordinates a?', y\ would be complicated ; but the two 
points of contact may be otherwise determined with but 
little trouble, and thence the two tangents be readily 
drawn ; for all we have to do is to draw the line of which 
the equation is 

ax-^hy = r* . . . (3) ; from which, for y = 0, 

we have a? = — ; 

a 
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r« 



and for a; = 0, y — t-- And these values of « and y will be 

ihe intercepts AC, ab, of the axes, cat off by tJie chord of 
cofUact^ uis! ; for the equation (8) is 
that d a straight line necessarily 
passing through each of the two 
points H, h', symbolised by the two- 
fold values of (a^, i/) ; inasmuch as 
that a/, being put for x, and y' for y^ 
satisfy the equation (3), as we know 
these values do from equation (2) 
above. We thus see that 

aai+hy=zr^ ... (3) 
is the equation of the line mm', the clurrd of contact ; and . 
draw this chord, we have only to take on ax, ao = — ; and 




a 



r» 



on'AT, AB = ~ ; and then to draw tbe chord through the 

points B, c ; this will meet the circumference in the points 
M, m'. 

We have stated above that the algebraical expressions 
for the co-ordinates a/ and y', would be complicated, as 
iliese expressions would result from actually solving the 
simultaneous equations (1), (2). The student may find for 
himself that they would have been 

Now the equation of a line passing through two points 
is of the form 

2/— y' =«'(«— ^) • • • W> 

in which the co-efficient a' is equal to the difference of the 
ordinates of the two points divided by the difference of the 
abscissas of the same points : in the present case the differ- 
ence of the ordinates is 
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and the difference of tlie abscissas is 

2hr 



a« + 6> 



^(a2 + ft2-r2); 



so that, dividing the first of these expressions by the 
second, we have for the value of the co-efficient a', 

a' = — - ; and conseqaently the equation (4) is 

y—y' = —g(»-«'), or aaj+ty = afl/+5y'. 

Bat, equation (2), aa/+%' = r* ; therefore the equation 
of the line through the two points is * 

as otherwise determined above. And the equation of the 
tangent (or rather the equation embodying the two tan- 
gents) is 

in which a/, y\ are the two expressions above. 

A very interesting property of the circle is immediately 

ft.2 

deducible from the equahiy ag=: —, which, being inde- 

a 

pendent of the value of 5, remains the same wherever in 
the perpendicular PL the point p be situated : the property 
is this, namely, if from each of any number of points in a 
straight line, pairs of tangents be drawn to a circle, the 
chords joining the points of contact of each pair will all 
intersect in the same point; this point being on the line 
through the centre of the circle, perpendicular to the line 
on which the tangents originate. It is a valuable pecu- 
liarity of Analytical Geometry that unsought- for properties 
frequently spontaneously offer themselves to our notice in 
this way. 

In the foregoing diagram, the line PL is wholly vsithoui 
the circle ; and the intersection of the several chords of 
contact is, in this case, always vjithin the circle ; because 

then AC, or - , is less than r ; but if, on the contrary, PL cut 
a 
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the circle, tlien AC, or — , is greater than r ; and the point 

(^ intersection is therefore vnthmt the circle. 

Theorem. — ^Every equation of the second degree of the 

a)«+y^+A«+B2/ + c = . . . (1), 

in which the product vy is absent, and a?*, 3^*, have unit-co- 
efiGlcients, is the equation of a circle referred to rectangular 

&JL6S. 

Take the point whose co-ordinates are 

A /J B 

for the centre of a circle with radius r = ^ / J — i — — cr- 

the circumference of this circle will be the locus of the 
equation (1). 

For the equation of the circle thus constructed, is 

(aj-.o)2 + (i/-/3)* = r\ that is, it is 

and this, when developed, and the right-hand member 
transposed, is 

, a5*+y^+Aaj+By+c = 0. 

Hence the circle, constructed as above directed, is the 
locus of the equation (1) ; and thus any equation of the 
0econd degree, in which the squares of the variables have 
equal coeffidenta, and in which the product of the variables 
does not enter, may be affirmed to be the equation of a 
circle referred to rectangular axes of co-ordinates ; and 
that such is not the case when the equation is not reducible 
to this form. 

It should be observed, however, that when we say that 
every equation of the form (1) represents tiie circumference 
of a circle, we mean that this is the only kind of line it can 
represent. The coefficients may indeed be so related that 
the equation may admit of no geometrical interpretation at 

all; such is the case when c is greater than — ^ — ; the 
equation then being 
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V^+o) "^{y+oj ~^ negative gwantity, 

which we know the sum of two squares cannot be; the 
radius r is then imaginary ; there is no real circle. It is 
plain, however, that the locns cannot be imaginary, when 
c, the absolute term of the equation (1), is negative. 

Again, if — — — , instead of being greater or less than c, 

be exactly equal to it, the radius r is ; and the equation, 
which under this condition is 



(..0V(,.!)-=O, 



represents merely a smgle pomt ; the centre, mto which the 

circle dwindles as — ^- — diminishes in value down to 

4 

the value of c. The equation being satisfied for a? = — -, 

2/ = — ^, we infer that these are the co-ordinates of the 

single point represented by it; the sum of two squares 
cannot be 0, unless each square is itself 0. 

The general values of a, /?, and r, inferred from the 
general equation (1) at page 47, may be used as formulas 
of reference in every particular case ; but we would recom- 
mend the learner to dispense with these formulas, and to 
investigate each individual instance independently of them, 
as in the worked examples which follow. 

Trdblemu m reference to the Circle, 

1. It is required to construct the locus of the equation 

2aj2+2y2-.3aj+4y-l = 0. 

As x^, y^, have equal coefficients, and xy is absent, wo 
know that the equation is that of a circle. Dividing by 2, 
the equation becomes 

so that the co-ordinates of the centre of the circle are |, 
and - 1, and the radius of it is 
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T = V{(|)3+l«+i} = i V33 (page 47) ; 

if, therefore, with the point (f, —1) as centre, and i\/33 
as radios, a circle be described, the circumference of it will 
be the locns of the proposed equation. 

Or thus, without reference to the general formulas. 

Completing the square, first as regards the terms involv* 
ing X only, and then as regards those containing y only, in 
the equation 

we have 

»'-|«+(l)'+2/'+2i/+l = TiV+l+i, 
or(aj-f)H(2/+l)« = f|; 

which is the equation of a circle, the radius of which is 
i^33, and the co-ordinates of the centre a = f , j3 = — 1. 

2. Determine the locus of the equation 

4B«+4y«-12aj-8y+13 =0, 
or aj«+y*-3a}-2y+^ = 0. 

Arranging the terms thus : 

sBa-3aj + 2/^-2t/=-V; 

and completing the squares, we have 

a;«-3«+(t)2+2/2-2i/ + l=-V+f+l = 0; 

that is, 

(«-J)«+(j/-l)«=0: 

the proposed equation therefore represents a point only, 
namely, the point (f , 1). 

3. What is the geometrical interpretation of the equa- 
tion 

aj»+y2+4jB-2i/ + 7 = 0? 

or, a'+4aj+2/^— 2y = — 7. 

Completing the squares, 

aj«+4«J+4+2/*-2t/ + l = -7+4-f-l = -2 ; 
that is, (aJ+2)«+(2/-l)'=-2. 

Hence, the equation proposed has no geometrical mean- 
ing ; for although it is a particular case of the general 
form of the equation to a circle, yet, as the radius of ihe 
particular circle is imaginary, namely, \/ — -2, the circle has 
no real existoncer . 
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4. What is the equation of the straight line drawn 
from the point (1, 1) to touch the circle whose equation is 

The general equation of the chord of contact is ax + hy=s r* 
(p. 45), where (a, h) is the point from which the two tan- 
gents to its extremities are drawn : hence, in the present 
case the two equations 

Sx^+Sy^ = 4, or x^+i/ = ^, and aj+2/ = 4 

are simultaneous for the unknown points of contact which 
are common both to the circle and to the two tangents. The 
values of x and y deduced from the equations in the usual 
way are 

24-X/2 2-v'2 

Giving the double sign to the radical, these are the co- 
ordinates of the two points of contact ; and we have now 
to find the equations of the straight Knes through (1, 1) 
and these points. From the general equation of a straight 
line through two points, we have, in the present case, 

-._2j-V2 
3 

3 

that is, y-1 = (3±2v/2)(l-»), 

which equation represents the two tangents drawn from the 

given point to the given circle, the radius of this circle 

2 2 a/3 
being r = - , or — ^- , and the co-ordinates of its centre 

0,0. 

5. The base and vertical angle of a plane triangle being 
given, to find the locus of the intersections or straight 
lines from the vertices to bisect the opposite sides. 

Let AB be the fixed base, and a one position of the oppo- 
site vertex (see the diagram to Prob. 2, p. 33) ; let cm 
be the line from c bisecting the base, and f a point in the 
reguired locus; then (p. 34) pm = ^cm. For rectaagnlar 
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axes take ab, and a line from a perpendicalar to ab, and 
let X, t represent the co-ordinates of the point o in any 
position ; and x, y those of p : put also a for the fixed base. 
Now, by common geometry we know that the locus of c 
is the arc of that circle passing through the points a, b, 
which circumscribes the triangle abc: hence if (a, /3) 
denote the centre of that circle, the co-ordinates x, y of c 
are thus related, namely, 

x«+Y>-2(oX4-i3Y) =0. 

If to AB, a perpendicular pp, be drawn from p, and a 
perpendicular cc, from c, we shall have 

Mc = Sup ; that is, ^— x = 3(^— a?), /, x = Sx—a. 

Also because cm = 3pm, y = 3y ; therefore substituting 
these values in the foregoing equation, we have 

(3aj-a)«+(3y)«-2(3aaj-aa+3j%) =0, 
that is, 
9aj«+9i,«-6(a+a)aj-6/3y+a(a+2o) = 0, ... (1) 

the equation of the circle which is the locus sought. 
Since the perpendicular from the centre (a, ft) of the 
circle circumscribing the triangle abc, bisects the bace AB, 

it is plain that -, and a, are one and the same thing ; namely, 

half the base : the equation of the locus may therefore be 
written 

««+y«-aa!-f/3^+K = . . . (2). 

The centre of this circle is the point (Ja, ^/3). To find 
where the arc meets the base ab, put ^ = 0, in the equation 
of it ; and we have 

x^—ax-^- - a' = 0; 

^ o a* __ a^ 2a2 ^ a^ 

..x'^ax^ J--— ^. - _, 

a , a , 1 2 

So that if the base ab be divided into three equal parts, 
the middle one of these parts will be the chord of the arc 
which is the locus of p ; and the distance of each extremity 

d2 
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of this chord, from its middle point m, will be ^ ma, or 
MB; and since fm is ^ MC, it follows that lines fi^om p, to 
the ends of chord, will be parallel to the two sides of the 
triangle, each to each ; therefore, the angle at p will always 
be eqnal to the given angle c ; therefore, to construct the 
locus, we have only to trisect the base, and to describe 
upon the middle portion an arc to contain the given angle 
G. We may i^irther notice that the distance of the centre 
of the locus from the base ab, is equal to one-third the 
distance of the centre of the circumscribing circle from ab. 

The student will have observed that here, as well as in 
many other geometrical problems treated analytically, the 
result of the investigation has an interpretation beyond 
the geometrical restrictions of the problem proposed for 
solution : this arises from the very general character of 
algebraical symbols. The foregoing analysis would have 
been just as it is if the problem had been : — " Given the 
chord ab of a circle, and from the middle point M of this 
chord let lines to the circumference be drawn ; and in each 
line let p, at the distance of one-third of its length from m, 
be taken : required the locus of p ? *' The locus would be 
the entire circumference (1) or (2) above : in the problem, 
as proposed, it is only an arc of this circumference that, 
from tiie geometrical restrictions, is the locus of p. 

In every such enquiry the analytical result of our in- 
vestigation will always supply the information we are in 
quest of, and frequently much more. 

6. Find the centre and radius of the circle whose equa« 
tion, referred to rectangular co-ordinates, is a;^+^2— 8iB 
+ 2^— 8 = 0? Aiia, Centre, (4, —1) ; radius, 5, 

7. Required the centre and radius of the circle whose 
equation referred to rectangular co-ordinates is 

2aj«+22/* + 12aj-22/-6 = ? 

Ans, Centre, (— 3, ^) ; radius, 3^. 

8. Required the centre and radius of the circle whose 
equation is as^-hy^— aaj— f &y + f a* = ? 

Ans. Centre, (^a, J&) ; radius, ^\/(a*+46^). 

9. Required the centre and radius of the circle whose 
equation is (m— l)y^ + (m— l)a?*— 2aina;+t»a2 = 0? 

Am, Centre, f-^^, ) ; radius, ?-^^— ?. 

\wi— 1 y m— 1 
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10. From a given point in tlie circumferencje of a circle, 
chords are drawn : required the locos of their middle points P 

Ans. A circle of half the diameter. 

11. Oiven the base and the sum of the squares of the 
other two sides of a triangle to determine the locos of the 
vertex. 

Ans. A circle of which the centre is at the middle of the 
base, and of which the square of the radius is half the 
sum of the squares of the sides minus the square of half the 
base. 

. 12. The base and vertical angle of a triangle being 
constant, prove that the locus of the intersection of the 
perpendiculars from the vertices to the opposite sides is a 
circle. 

13. Prove that the loci of the four vertices of parallelo- 
grams of constant area, circumscribing a circle, are also 
circles. 



Section VI.— ON THE TRANSFORMATION OF 

CO-ORDINATES. 

It has been sufficiently seen in the foregoing sections, 
that the equation of a straight Hne, as also the equation of 
a circle, each assumes a simpler form when the axes of 
reference are rectangular than when they are obHque ; and 
further, that to attain the utmost simplicity of form, the 
origin of the rectangular axes must not be fixed upon at 
random. In the case of the straight line, it must be a 
point upon the line itself ; and in the case of the circle, it 
must be at the centre. 

It is easy to foresee that in other curves simplicity of 
analytical representation may in like manner much depend 
upon a judicious choice of axes and of the point in which 
they originate ; and that in general rectangular axes are to 
be preferred. Yet for the deduction of certain properties 
oblique axes of reference are better suited than rectangular 
axes ; we have seen an exemplification of this at page 40, 
where, by employing oblique axes, properties of the circle 
which would not have offered themselves to notice if the 
axes had been rectangular, are very readily inferred from 
the equation. A change of axes from rectangular to 
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oblique and vice versa, or from one system to another 
system of the same kind, will often thns unfold to ns new 
imd sometimes unexpected properties of a carve, and hence 
tiie advantage when a curve is represented by an equation, 
of knowing how to transform that equation into another 
equally representing the curve, but in reference to what- 
ever new axes we may choose to select. Such a trans- 
formation is called the tra/nsforrnaUon of eo-ordmaies. It 
may consist either in altering the indination of the axes 
wiUiout displacing the origin, or in removing the origin 
:without disturbing the relative position of the axes ; or 
Jastly, in changing both the inclination of the axes and 
.the situation of the origin. We shall now investigate the 
formulse to be employed for bringing about each of these 
-several changes in the equation of any curve. 

y. Let AX, AT be the axes to 

which any line hii'm" is le* 
lated by its equation ; and let 
a'x', aV, be tbe new axes to 
which it is proposed to refer 
the same line. Let the co- 
ordinates of any point, if, in 
the line, relative to the primitive 
axes AX, AT, be x and y ; and 
the co-ordinates of the same 
point, in reference to the new axes a'x', A'y, be a/ = a'p', 
and. y = p'm. Draw a'x", and ph, each parallel to ax ; and 
yK, AT^', each parallel to ay. Then we shall have 

aj = Ap = ba'+a'k+p'h 

y = PM = AB + KP'4-HM, 

in which equations 6 a' and ab are known, these being the 
co-ordinates a and h, of the origin a', of the new axes, when 
a' is referred to the primitive axes. The following quantities 
also are understood to be known, namely, the inclination of 
the primitive axes, and the inclination of each of the new 
axes to the primitive axis of x. It remains, therefore, 
to express a'k, kp', p'h, and hm, in tenns of these known 
quantities. 

In order to this, put 

a = x' a'x'', the inclination of the new axis of ;b to 
the primitive axis of a;, 
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a' = t'a'i", the inclinstioQ of the new axis of y to 

the primitive axis of a. .". o'— a = Va'x', 

^ ^ t"A'x" the inclination of the pTmitive aiea to 

each other, 

.*. /3— o =:t"a'x', the inclination of the new aziB of x to 

the primitrre azia of y, 

fi—a' = t"a't', lAe inclination of the new axis of y 

to pTimitire axis of y. 

Now {Trigonometry, p. 52), the ^ne of k's, in tke 

triangle i-'^K, is - • . 

, AVsinp'AV _ at' sin (13— a) 

" BinA'KP' Bin/3 " 

And the valne of ep' in the ^■ 

same triangle is 

. aV sin f'a'x _ «^ 
Bin a'kp' b 

oleerring that aVk =t"a'x' 
^fi—a; and that t"a'x'' = " 
is the supplement of a'kp'. 

In lilce manner, in the tri- 
angle mp'h, we hare for f'h, 

^^^P^M^inVMH 

sin HHp' 
and for hu, 

EM = ^- ^52^ 

- sinHHF' aiu/3 

Hence for the valnea of .-E and y, wc baye 

^ ^ ^.^ g' Bin o+y sin g' 

These therefore are the valnea which muet be sabstitated 
for X fmd y, in the equation of the curve, when referred 
to the primitive axes ax, at, in order that that eqnation 
may be transformed into another which shall be the equa- 
tion of the same curve when it is referred to the new axes 
a'x', a't', whatever be the inclinations of the two pairs of 
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casea^ if the ongm remain fixed^ tho valaes of «i> h^ we oaoh 
learo^ and that a V is always ahoeis aV\ or a positiviis 

In appfying any of the above formulas to the equation of 
any partKnikr cnire, the special interpre^^ons of the 
angnlMr qnantitieSy here represented ffenerally by <t, a\ and 
fi, nin alwajp be readily ascertained by merely roooUeoting 
the conventions^ as to these symbols, at page 55 ; that i% 
by recollecting that fi is the inclination of tho primitive 
axes to each oUier ; that a is the inclination of tho new aatis 
of JB to the primitive axis of m ; and a' the inclination of the 
new axis of y to the primitive axis of m* When a'x' is billow 
Afjf'^ the angle a is Hegcttive* 

Suppose we vnshed to transform the equation oi* + ^ a f*, 
of a cirdey referred to rectangular axes originating at the 
centre, into another equation, referring the circle to oblique 
axes having their origm at i^e same point. The fi»?mulas 
to be used for this transformation are those marked (2) 
above, when the a and the h are expunged ; because heroi 
there beinff no chanffe of origin, these quantities are each 
xero ; we have, i^er^ure, to replace the teand y in the above 
primitive equation by 

X cosa+y cos a', 
and x sin a+y sin ct', 

respectively ; the dash over the a*, and over the y, need not 
here be retained. By making these substitutions, tho trans- 
formed equation is 

«* cos* a + 2a)y cos a cos o'+y* cos* a'+ 1 «. ^^ 
«* sin* a + 24»y sin a sin a'+y* sin* o' j 

that is (Tnmnofnetry^ p. 26), a5*+y*+2«y cos fa'— o) a i»* 
= a^+y*+2a}y cos a', as at page 40. We shaJl leave the 
student to effect for himself the more general transforma- 
tion of the above primitive equation when the co-ordinates 
of the new origin, in reference to the primitive axes, are 
€1, 5 ; he will of course find the result of the substitutions to 
agree with the form (6), at page 40, when the co-ordinates 
of the centre there, which are denoted by a, /3, are exchanged 
for a, 6, here. 
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SBcnox Vn.— THE PABABOLA. 

If there be taken a fixed line yf, and a fixed point s, so 

that sp = py, the perpendicular distance of p from the 

P line YF, the locus of ?, is the parabola. 

Through s draw the perpendicular sl, 

and bisect it in a, then it is OYident that 

A is a point in the curve. 

To find the eqyuxtion to the parabola. 
Referring to rectangular co-ordinates, 
let A be the origin, an = jb, np ^= t/, 
AL = AS=: a; 

' then vp = LN = SP, 

.% LN* = {x^ay = SP* = y* + («—»)*, .*. y* = 4aaj, 

-which is the equation of the parabola in reference to the 
assumed axes. 

If s be the origin, then it is evident that y^ = 4a(a;+a), 
for in that case sn = x. 

If L be the origin, then y^ == 4a(a5— a), since ln is then 
= aj. 

Tolar Equations. 

There is also what is called the polar equatiot^ in which 
the variables are a line called a radku vector drawn from 
some fixed point, as s, to a point p in the curve, and the 
angle at s between this line and the axis sn. 

If s, called the /oc«5, be the pole, and psn = 6, 

2a 
then r = sp = LN = 2a+r cos B. /, r = -^ , 

1— cos 

or r = — ^—- (Hann's Trigonometry^ p. 27), 
sin'- 

which is the polar equation, s being the pole. 

It is evident that since 4a may be made to equal any 
constant quantity, the equation to the parabola may be 
written y'^=^px. If a? = a, then the corresponding value of 
y is 2a, therefore the double ordinate through the focus is 
J} = 4a. This double ordinate is generally termed the 
parameter^ or latus rectum. 
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PEOPERTIES OP THE PARABOLA. 

Properties deduced from tJie Tangent 

The equation of a straight line passing through (a;', yO> 
(x", y"), is 

y-y' =i~!>(''-'^) • ■ • (1)' 

and by the equation of the par9.bola, if these pointe are on 
the curve, 

y'2 = 4ajB' . . . (2), 

and y"^ = 4iax" . . . (3); 
therefore, subtracting (3) from (2), 

;(2/'+2/'0(2/'-2/'0 = M^'-aj'O, 

hence, by substituting, (1) becomes 

y'^y" . 

Now, let the points (»', y')* (^"> 2/")> appi'oach indefinitely 
near to one another, then the secant joining these two points 
becomes a tangent, and its equation is 

2/-2/' = ^(«-«^0 . . • (4). : 

This equation may be put under a different form ; for 
multiplying by y', and transposing, 

qjy' = 2aaj— 2aaj'-f 2/'^ 
= 2aaj— 2aaj'+4aa/ 
= 2a(a; + {B') . . . (5), 

an equation closely analogous to the equation of the curve, 
and only differing from itm this, that y^ and 2aj are replaced 
by yy' and (aj+a'). 

In the annexed figure, suppose P to be a point in the' 
curve, AN = oj, np = 2/, and pt a tangent to the curve at p, 
cutting the axis of x at t. Then nt is called the subtangent 
to the point p, and if pk, perpendicular* to PT, be drawn 
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cntting the axis of a; at k, pk is termed the normal^ and N k 
the subnormal. The fixed line hd is called the directrix. 
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Now, from (5), when i/ = 0, <» = —a/, therefore NT = 22/, 
therefore, the snbtangent is equal to twice the abscissa ; a 
very usefrd and important property. 

Since the normal is at right angles to the tangent, it 

follows from (4), thaty— y' = ^^ (a;— a/) is the equation 

of the normal. 

To find an expression for the length of the subnormal ne, 
put ^ = in its equation, ,% a;— a/ = 2a = nk, a constcmt. 



The length of the tangent is v^p^+nt* = 2 ^ax'+osf^ 
„ „ „ normal is ^/NP*+NK*=:2^/aaj'+a^ 

We now proceed to the investigation of some properties 
of the parabola. 

When sef = a, that is, when the tangent passes through 
the extremity of the parameter, the tangent and norznal 
are equal, and also the subtangent and subnormal, 

the equation of the tangent is then 2/— 2a = (a?— a), 

.*. y = (aj+a). 

Therefore, any ordinate to the focal tangent, as this is 
called, = rad. vector of the point where the ordinate cuts 
the curve, so that the focal tangent cuts off from the tangent 
through the vertex a, a part equal to the distance of the 
vertex from the focus s. 

Draw the line ph perpendicular to the directrix hd. 

Then sp =: hp = dn = TS, and htsp is a parallelogram 
with equal sides, and for the angle hpt we have 
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HP^ + PT^ — ST^ 

COS HPT = - — 



pr 



PT' 



2hp . PT 



2 . HP . PT 2sp . pt' 



PT 
2SP* 



The triangle hps being isosceles, pt bisects the angle 
HPS, and it also bisects hs at right angles in Q ; the point 
Q is therefore always on the axis of ordmates at ; 

•% Z.HPT= Z.SPT, 

therefore, the tangent at any point bisects the angle made 
by two straight lines, one dmwn to the focus, and the other 
perpendicular to the directrix. Again, 

ST = AS + AT = a + aj', 

SK = SN+NK = a/— a+2a = a/+a, 

/. ST =5 SK, but ST = SP, 
/. SP= ST= SK. 

From p draw fx' parallel to the axis ax, then 

T'PX' = PTS= SPT, 
/. KPX' = SPK. 

Therefore the radius vector and the diameter px' at the 
point of contact are equally inclined to the tangent. 

These are some of the principal parabolic properties ; 
others will be famished by the following theorems. 

Theorem 1. — The focus s and any 
point p being joined, and a circle 
described on sp as diameter, this 
circle shall touch the axis at. 

Through p draw a tangent cut- 
ting the axis of (y) in T ; through 
T draw TC perpendicular to at, then 
from the equation to the tangent 

yy' = 2a(a; + aj') 

and the equation to at, being a; = 0, 

wefindAT = 2/ = 2a^' = |; 

(since m/y' iBSi, point in the parabola). 




•% BC — -TT-, 



• • 



sc = CP, 
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or c is the centre of the circle, and c y = cp ; for the angle 
CPY = the angle cyp, for it is = the angle at t (last jfig.) ; 
but c Y is perpendicular to ay, therefore the circle touches ay. 
Theorem 2. — ^Any chord pj? being drawn through s, the 
focus to a parabola, show that 

4sp . s^ = L(SP+Sp), 
L being the latus rectum, or double 
ordinate (bb') through the focus, 

SP =* AN + AS, 
BJp = AW. + AS; 

and (by sim. tri.) SP : S^) J ; SN : s^i 

:: (an— as) : (as— a«) 
:: (sp— 2as) : (2as— s^), 

.% sp(2as— sj?) =sj)(sp— 2as), 
/. 2sp . SJ3 = 2as(sp + sj)). 

But 4 AS = bb' = l, 

,% 4SP . Sjp = L (SP+Sjp). 




Properties of the Parahola, when related to conjugated axes. 

The equation of the parabola, y^^zjpx, the axes being ax, 
AT, originating at the vertex A (see diagram at p. 60), 
shows that the curve is of unlimited extent towards the 
right, and that the axis of aj, or the principal diameter as 
it is called, bisects all the chords drawn parallel to the axis of 
y ; for whatever positive value we give to », there will always 
correspond two real values for y, namely, y = s/px^ and 
2/ = — VpaJ, which are equal in length but of opposite signs. 
But towards the leffc of the axis of y there does not exist any 
point belonging to the curve, since a negative value of x 
gives, for the corresponding y, an impossible quantity, 
namely, y = V —px, 

A straight line from a point in a curve which bisects 
a series of parallel chords is called a diameter, though, as 
in the case of the parabola, this straight line never again 
meets the curve : we shall presently see that the diameters 
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of a parabola, like those of a circle, are innnmerable ; in 
fact, that whatever line be drawn parallel to ax, there is 
always an infinite number of parallel chords, all of which 
will be bisected by that line : we now proceed to show this 
to be the case. 

Let the equation y^ sssjpx be transformed from rectan- 
gular to oblique axes by means of the formulas (2) p. 56, 
namely, 

X = a-\-x' cos a + 2/' cos a' 

y = ft + a/ sin a+y' sin o'. 

The transformed equation, suppressing the dashes, will be 

y^ sin ^af + 2xy sin a sin a' + aj^ sin ^a+h^—ap] _ ^ ,^n 
+ (26 sin a'— J? cos o')2/+ (26 sin a^p cos a)x) "~ " '^ ^ 

and in order that it may be converted into the same form 
as the primitive equation, that is, into the form y^ ^=jp'xy we 
have only to subject the four disposable constants, a, u', a, 
and 6, to the four conditions 

sin a sin a' = 0, sin *o = 0, 26 sin a'— j? cos a' = 0, 

63-ap = ... (2) 

since, under these conditions, the terms involving xy^ x^y 
and 2/, respectively will disappear, as also the term (6^—029), 
which is independent of the variables, and the equation (1) 
win be reduced simply to 

y^ sin 'a'— j9aj = ; since cos a = 1 ; 
inasmuch as that sin a = 0. 

Hence, y^ =-p.-^— , x, which is of the form y^^p^x. 
sm^ a 

The conditions (2) furnish ample information as to the 
directions of the axes of reference, and the situation of 
their origin, in order that the equation of the parabola may 
have this simple form : 

1. From the second of the above conditions (which 
second condition necessarily establishes the first) we see 
that the new axis of x must be parallel to the primitive 
axis of X ; for the sine of the inclination of the one to the 



04 ANALTTICAL GEOMETBT. 

other is ; therefore a! represents the inclination of the new 
axes themselves. 

2. This inclination a' is determined &om the third con- 
dition ; for to folfil this, we most have 



sm a 



y, that is tan o' = £• . . . (3). 



cos a" 2& 

3. From the fourth condition we learn the relation which 
mnst of necessity exist between the co-ordinates of the new 
origin, in order that the primitive form of the equation of 
the curve mav be preserved : that fourth condition shows 
that the relation of the co-ordinates a^ h, must be 

h^ ^pa . 4 . (4), 

from which we infer that the origin of the new axes must 
be upon the curve ; but it is not restricted to buj paHicidar 
point, as a may be any positive value whatever ; that ia to 
say, the point (a, h) la&j be any point whatever, provided 
it be not out of the curve : hence, from the relation (8)j 
which involves the value of &, the inclination a' of the new 
axes may take an indefinite number of values ; so that the 
systems of co-ordinates that will render the equation of the 
parabola of the form y^ = ]p% are innumerable ; but every 
system must have its origin on the curve ; and its axis of x 
must be parallel to the principal diameter ax of the curved 
This axis of a; is itself a diameter ; since the form of the 
equation shows that for every value of x there are two 
values of y, equal in length but opposite in sign ; that is, 
the axis of x bisects all the chords drawn parallel to the 
axis of y : there are thus innumerable diameters to a 
parabola, and all of them are parallel to the principal 
diameter. 

Since, from the form of the equation, y ib whenever x 
is 0, it follows that in every system of co-ordinate axes, the 
axis of ^ is a tangent to a curve at the origin. The two' 
axes of any such system are called conjugate axes. 

Since from (3) tan V = ^^, 
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... !51^ = ^, =:^!+£* = ii+i' (Equation 4), 

tan 'a' sin ^a' p P 

Now (p. 68) a+^p expresses the distance of a point a' 
in the cnrre, of which the abscissa is a, from the focos^ 
that is, the radios vector of the point a' ; therefore repre- 

Beiitinff this radius vector by r, the equation w* = --?. , 

sin *o' 

of the curve (p. 63) may be written 

y^ = 4arx • . . (5), 

which is the general equation of the parabola when related 
to any system of conjugate axes, in terms of the radius 
vector of the origin or those axes. It of course compre- 
hends the equation at p. 58, where the axes are the jpnV 
eipal conjugates, the radius vector of their origin being 
there represented by a: the principal or right parameter jf^ 
was there shown to be jp ^ 4a ; similarly, the coefficient 
4r, whatever system of conjugate axes be employed, is 
called the parameter of that diameter which is taken for the 
axis of X ; so that, generally, the parameter of any diameter 
is always equal to four times the distance of the vertex of 
that diameter from the focus. Moreover, from the general 
equation (5), we see that the parameter is alwavs equal to 
the double ordinate corresponding to the abscissa a; = r ; 
and we shall now show that^ as in the case of the axes 
being the prindpcd axes, this double ordinate or parameter 
passes through the focus ; so that, generally, whatever be 
the conjugate axes to which the 
curve is referred, the parameter 
of the diameter taken for the 
axis of X always passes through 
the focus. 

Let a'm' = r, and the parabola 
he referred to its principal axes 
originating in the point a : then 
the abscissa of a', the origin of 
the conjugate axes, a'x', a't', 
being a^ we have, for the abscissa 
of m', the expression a-\'r\ but r, the radius vector of the 
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point a', is a +771 (m being put for as) ; hence the abscissa 
of vf IB 2a-\'fn, and its ordinate is h. Also for the tangent 
of a', the inchnation of the chord |?p', parallel to a'y', we 
have (p. 63), 

tan a' ^ ■?- : . 

therefore the equation of j?p' ^jf^^^^Sr (»— 2a— m)* 

Now at the point where jctp' intersects ax, we mnst have 
^ = ; for which value the equation gives 

X = 2a+m = 2a+m^2a = 97t =: as. 

JP 
Hence the chord through the focus is always the para- 
meter of the diameter which bisects that chord. 

We shall now recapitulate the foregoing properties of 
the parabola, introducing a few other properties for the 
student himself to investigate. 

Svmniary of the Properties of the Parabola, 

1. Abscissas measured from the vertex of any diameter^ 
are as the squares of the corresponding ordinates. 

2. At whatever point in the curve a tangent be drawn^ 
the subtangent is fdways equal to twice the abscissa of tha^ 
point. 

3. Two tangents from p, p', the extremities of any chorc^ 
meet the diameter bisecting that chord in the same point s 
(see diagram, p. 65). 

4. The tangent at a', intercepted between the twp 
tangents from p, p', is bisected at tiie point of contact a'. . 

5. For every point in the curve the subnormal is 
constant, and equal to the distance of the focus from th^ 
directrix. 

6. The subnormal, in reference to any point of a para- 
bola, is always of the same length, namely, half the principal 
parameter. 

7. Chords drawn parallel to a tangent are all bisected by 
the diameter from the point of contact. 

8. The diameter through the point where two tangents 
meet bisects the chord of contact. 
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9. If the chord of contact 6f two tangents pass through 
the focus, the tangents will meet in a right angle, the 
vertex of which will be on the directrix. 

10. That part of a tangent which is intercepted between 
the point of contact and the directrix subtends aright angle 
at the focus. 

11. A perpendicular from the foot of the normal, to the 
radius vector, cuts from that radius a part, towards the 
curve, equal to the semiparameter. 

12. Tne locus of the mtersections of perpendiculars from 
the focus on tangents to a parabola, is the line which touches 
the curve at its vertex. 

This property we shall prove, thus : Let y* = 4aa5 be 
the equation of the parabola ; then the point (a, 0) will be 
the focus ; and we shall have 

Equation of tangent at (»', y') 
y'y := 2aaj+2aaj' 

y y 

Equation of perp. to (1) from (a, 0) 

2/--|^(«'-'») . • . (2). 
Subtract (2) from (1), and there results 

« = (^MhT-t ■ ■ ■ <'>■ 

But, since by the equation of the curve, 

4aa;' — 2/'^ = 0, .% (dividing by 22/'), 

^.^.^t = : hence (3), 

f ??+ yV == 0, .-. 0, = 0. 
\ y' 2aJ 

Consequently, the intersection is always on the axis of y ; 
that is, on the tangent to the parabola at its vertex. 
We may proceed a Httle differently, as follows : 
The abscissa of the focus being represented by a, and 
m being put for an arbitrary constant, the general equa- 
tion of a straight line through the focus may be written 
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X = my+a; since for 2/ = 0, in this equation, aj = a ; there- 

fore 2/ = — (^~»)> t^© coefficient — being arbitrary, nnless 

the line through the focus is to be subject to some con- 
dition. In the present case, the line is to fulfil the con- 
dition of perpendicularity to the line (1) above ; the value 

of ttie coefficient must therefore be-|^: hence the eqna- 
tion of the perpendicular to (1), though the focus, is 

as above : this equation being obtained, the remaining steps 
are the same as before. Of course the coefficient of inclin- 
ation here is the same as that in the equation of the normal 
at the point (a/, y'). 

For the value aj = 0, y = |^ ; so that the ordinate of the 

point of contact is always equal to twice the intercept of 
the axis of ^, between the origin and this perpendicular ; it is 
also equal to twice the intercept cut off by the tangent 
itself ; for putting a; = 0, in the equation of me tangent we 

have y = ^ = ?^ = W ; so that the tangent and the 

y y 

perpendicular to it from the focus both cross the axis of y 
at the same point ; and in this way the locus of the inter- 
sections might have been shown to be the tangent at the 
vertex of the curve. 

13. If from the focus perpendiculars to focal chords are 
drawn, the locus of the intersections of these perpendiculars 
with the corresponding tangents at the extremities of the 
chords, will be the directrix of the parabola. 

14. Any rectangular ordinate to the focal tangent is 
equal to the radius vector of the point where that ordinate 
cuts the curve. 

15. If from any point two secants, each cutting the 

parabola in two points, be drawn parallel to the sides of a 

fixed angle, the rectangle of the parts, between the point and 

the curve, of one secant, will be in a constant ratio to the 

rectangle of the like parts of the other secant, wherever the 
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point from which the secants are drawn be situated. [This 
is true for each of the conic sections.] 



Area of the Parabola, 

Let the parabola apqb be referred to the conjugated axes 
AX, AT ; the axis ax, being a diameter of the curve, and at 
a tangent at the extremity, a, of that diameter ; and let it 
be required to find the area of 
the space a^, included between 
the arc Ay, and the co-ordinates 
AXy xy, of its extremity, y ; that 
is, the area of the parabolic sur- 
face Axy. 

Divide the line xy into any 
number n of equal pa^ k, k, k, 
ioc, ; and from the extremities of these parts, let parallels 
to Aa; be drawn, to terminate in the curve, as in the diagram 
at the points p, q, &c, ; and let the ordinates Fp, Qq, &c., 
of these several points be drawn. Then it is obvious that 
1^, parallel to yx, will be equal to one of these parts (k) ; 
and that the ordinates pp, q^, &c., will be 




k, 2k, Sk, &c. 



■ (1), 



also from the equation of the curve, y^ = 4irx, the abscissas 
of the same points will be 

4r 4r 4r 

and consequently the portions Ap, jpq, &c., into which A;^ is 
divided by the ordinates of p, q, &c., wiU be 



P Sk^ 51^ ^^ 
4r' 4ir' 4r' 



.(2). 



Conceive chords ap, pq, &c. (not in the diagram), to be 
drawn : then, afber the triangle on the base Ajp = - , there 
will be a succession of trapezoids on the several bases (2) ; 
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the area of each of which will be found by nmltiplying half 
the sum of the two parallel sides by the base of it and by the 
sine of the angle a at which the axes are inclined, since the 
product of the base (as pq) by this sine evidently gives the 
perpendicular distance between the parallel sides. Hence 
adding the several pairs of parallel sides together — ^the sides 
in the series (1), and multiplying each sum by the corre- 
sponding base (2) and also by sin a, and dividmg by 2, we 
nave (including the triangle APp), the following expression 
for the polygonal space apq . . . «/«, namely, 

Area of polygon = — {1 -h 3^ + 5* 
+ . . . . +(21^-l)2}sina . . . (3), 

where Ic ^ ^, and therefore A;^ = ^^ ; 
n n^ 

so that since y^ = 4raj, ^ = -^- . 

8r 2n^ 

Now the next step is to find the sum of the series within 
the braces in (3) : the readiest way of doing this is to 
first replace the general term (2ri— 1)^ by its equivalent 
4(?i— 1)71+1 : we shall then have to sum up two series of 
simpler forms, namely, n terms of a series of which the general 
term is (n— l)w, and n terms of a series of units. By 

Algebra (p. 174), the first sum is v^~ ;H^+ ) . ^^^ ^^ 

o 

second sum is, of course, n : hence the expression for the 

series within the braces is — ^— ; and consequently (3), 

o 

substituting g^ for -, 

Area of polygon = ^^ | — ^ — j sin a 

^ow it is evident that the greater the number n is, the 
more numerous, and the more minute, do the sides of the 
polygon become, and the closer does the polygonal line 
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approacH to actual coalescence with the curye ; which 
coalescence is attained when the nmnber of sides becomes 
infinite, but not before ; hence, regarding n, in the foregoing 

expression, to be infinitely great, — ^ must become ; and 

n 

the area of the parabolic surface will be 

Area of parabola kyx^= %xy sin a, 

that is, the area is equal to two- thirds of the parallelogram 
Y iB ; so that the area of any portion of the parabolic surface, 
cut off by a chord, is always equal to two-thirds of the 
parallelogram circums<)ribing that portion. 

If a triangle be inscribed in the parabolic segment, the 
vertex of it being at the extremity of that diameter of the 
parabola which bisects the base of the triangle, or the chord 
of the parabolic arc, the area of the segment will be ^ the 
area of the triangle ; hence the segments cut off the para- 
bolic surface, by the other two sides of the triangle, will 
together be equal to -^ the area of the triangle, or ^ the area 
of the whole parabolic segment. 



Sbction VIIL— the ELLIPSE. 

An ellipse is a curve in which if any point p be taken, 
and straight lines be drawn from that point to two certain 
fixed points s, h, called the foci 
of the ellipse, the sum of the 
two lines PS, ph," shall always 
be the same ; so that if to the 
two foci the extremities of a 
cord be fiaatened, of a length 
which exceeds the distance sh, 
and the cord be stretched into 
a loop by a pencil p, an ellipse 
will be traced out by moving 

the pencil round the foci, keeping the cord stretched 
throughout the motion; for the sum ps + ph of the two 
focal distcmces of the point p will then remain the same 
throughout the j)rogress of p. 
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Problem 1. — Tofi'nd the equation of the Ellipse when 

referred to ab, CE, oa axes. 

Take d, the middle of the line hs, for the origin of the 
rectangular axes db, dc ; and let the constant sum of the 
focal distances of any point p, namely, ph+ps, be repre- 
sented by 2 a ; also let c be put for ds, or dh. Then (», y) 
denoting the point p in the curve, we shall have the follow, 
ing conditions, namely, 

PH+PS = 2a • . (1), PS«=:2/^+(aj-c)2 . . (2) 
PHa = 2/2-h(aJ+c)2 . . . (3). 

By addition and subtraction of (2), (3), we haye 

PH*4-PS* = 2y^+2x^+2c\ and ph^-ps' = 4icx. 
Dividing this last equation by equation (1), there results 

«« ,.« 2caj 
PH — PS ^ , 

a 

which first added to (1) and then subtracted, gives 

. ex -1 ex 

PH = a+ — , and PS = a — -, 

a a 



But, as just seen, 



c 



PH*+PS« = 2(2/«-haJ^+c«), /. y« + »*+c2 = a«4- VS 



• • 



a' 
a^yi + (a^''C^)x^ = a\a^'^c^) . . . (4), 

which is the equation of the curve. 

By putting first 2/ = 0, and then a; 3= 0, in this equation^ 
we shall ascertain whereabouts the curve crosses the axes ; 
we find that the distances from d are db = a, and da s? —a; 
and DC = H-VC^^— c*), and de =s — ^(a^— c*); hence 
the curve cuts the axis of x at two points 6, a, equidistant 
from D, and the axis of y, at two points c, e, equidistant 
from D. As a represents db, let us put h for DC; then 
J2 =s a^^c^, and therefore, by substitution, the equation of 
the curve becomes 

a^y^ + h^x^ = an\ or y^=:~^(a^^x^) . . . (5), 

a 
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or, dividing the first of these forms hj a^ 6^, 

each form being the equation of the ellipse when referred to 
the diameters (ab, ce) as axes. That each of these lines is 
entitled to be c»lled a diameter^ is obvious from the general 
expressions for y^ and x, which expressions are 

y=+^V(a*-««),andaj=+f^/(&^-i/) . . (7) 

showing that, take whatever value we may for a, from 
a; = 0, to a; 1= +a, there corresponds two values of y, equal 
in length, but opposite in sign ; and that, in like manner, toke 
whatever value we may for y, from y = 0, to y = +6, there 
corresponds two values of x, equal in length, but opposite 
in sign ; that is, chords parallel to ce, as well as ce itself, 
are all bisected by ab ; and chords parallel to ab, are all 
bisected by ce. The curve cannot extend beyond the points 
A and B, in the direction of the axis of x, nor beyond the 
points G and e, in the direction of the axis of y ; for if in the 
first of (7) we put » = +a, the two values of y unite in a 
single value, namely, ^ = ; showing that parallels to ce, 
at the points a and b, never meet the curve again ; in other 
words, that these parallels are tangents at the points A and 
B. In like manner, putting j/ = +6, in the second of (7), 
a; = ; showing that parallels to ab are likewise tangents 
to the curve at the points c and e ; thus the four tangents 
at the points A, b, c, e, entirely enclose the curve, since for 
a value of x greater than +a, y is imaginary, and for a 
value of y greater than +&, aj is imaginary, implying that, 
b^ond the limits mentioned, there does not exist any point 
belonging to the curve. Not only does the point D bisect 
the chords ab, ce, but it bisects all the chords drawn 
through it — ^the point is therefore the centre of the ellipse ; 
for let ^ = ma; be the equation of any straight hne through 
D ; substituting this value of y in the equation of the 
ellipse (5), the corresponding values of x, in the resulting 
pure quadratic equation, are equal in magnitude, but oppo- 
site in sign ; and for these, the values of y are also equal 
and of opposite sim ; the two portions of the chord y =-mx^ 
into which it is divided by d, are therefore equal ; that is, 

E 
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all the chords passing through the point D are diameters ; 
and D is the centre of the ellipse. 

The greatest of these diameters is AB, and the least is ce, 
for the length of any semidiameter is 

yi 
D^ = aj^+2/^ ; ^^* y^ = ^^ J*' (^y equation §) ; 

Ob 









Now a^—h^ is necessarily positive, for it is equal to c^ 
(p. 72), so that the expression for d^ is greatest when x is 
greatest ; that is, when x=: a; for which value of «, D is 
s= +a; hence the points B and A are each at a greater 
distance from the centre than any other point in the curve. 

Again, D is the least possible when x is the least, that is, 
when X = O'y for which value of a?, d is = + 6 ; hence the 
points G and e are each at a less distance from the centre 
than any other point in the curve. Hence the greatest 
diameter of the ellipse is AB. and the least is oe. On this 
account AB is called the major diameter of the ellipse, and 
C B the minor dmmeter ; this pair of diameters is often re- 
ferred to as the jprmcvpal dia/meters, or the prmcvpat axes of 
the ellipse. The preceding equations, therefore, are so many 
different forms of the equation of the ellipse when the curve 
is referred to its principal diameters as axes ; the origin 
being at the centre of the curve. 

But there is still another form for the equation, the axes 
of reference remaining the same ; it is immediately de- 
ducible from the equation (5) ; thus, putting a*— c* foi' its 
equal h\ in that equation, it becomes 

2/» = (l-^) («*-»»), or j,»»=(l-e«)(a«-«») . . (8) 

the symbol e being put for - ; wbicli quantity, namely, tbe 

a 

ratio of DS to db, is called the eoicentriciiy of the ellipse j 

that is, 

e = ^ / g — = - = the eoMientriciiy, 
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Peoblem 2. — To find the equation of the ellipse when the major 
dia/nieter is taken for the aads of abscissas, and the vertex of 
that diameter for the origin ; as also when one or other of 
the foci is the origvn, 

K the origin of the co-ordinates be removed from the 
point D to the point A, then to the y of any point in the 
curve, the new x will be the former x phis a\ or the former 
X will be this minus a : hence we shall merely have to write 
a;— a for x, in any one of the preceding equations, in order 
to obtain from it another equation which shall represent 
the curve in reference to this changed situation of the 
origin of the axes; thus equation (5) will become changed to 



aV + &V-2&2aaj = 0, or y^ = ^(2ax-x'^) 

a 



(9), 



which is the equation of the ellipse when the origin is at 
the vertex of the major diameter taken for the axis of x. 
Also in the same circumstanceSj the equation (8) will be- 
come changed to 

3^ = (l-e2)(2aaj-aj2) ^ ^ ^ (iq) 

If the origin were placed at the focus s, then every x in 
the former equations would have to be increased by ae ; 
that is, by DS or c ; and then, instead of (10), the equation 
(8) would become 

y^ = (l-e2)(a2-aV-a;2-2aea5) 

= (l-e2)(&2-a;2_2aeaj) . . . (11). 

If the origin were placed at the other focus h, the equa- 
tion would be 



2/2 = (l-e2)(&Ha;H2aeaj) 

Pboblem 3. — To fvnd the 
jpolar equation of the el' 
lipse, 

1. Let the centre d be 
the pole, and the angle 
P D N = ; then for any point 
p in the curve, we have 

a; = r cos 0, and 
^ = r sin 0, 



• (12). 
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and therefore from equation (6), 
2 /sin 2d cos «d\ _. 

a^ sin 2a+&2 cos 20 a^- (a^-ft^) ^os ^d 

1— e2 cos ^d 

'•"^ ^/(l-e^ cos 2e^)' l-e2 cos «a ' ' ' ^^^' 

the polar equation of the curve when the centre d is the 
pole, and db the fixed axis. 

2. Let the focus s be the pole, then sp being r, we have 

DN =« SB= ae+r cos 0, and t/ = r sin ; 

also (p. 72), r = a— ea?. 

Substituting the preceding expression for x in this ex- 
pression for r, we have 

r = a—ae^^re cos 0, /. r(l + e cos 0) = a(l — e^) ; 

... r = ^2-l£!). . . . (2), 
l + ecos d ^ ^ 

which is the polar equation of the curve when the focus s 
is the pole, and s b the fixed axis. 



liquation of ike tangent at amj point of an ellipse. 

Let p be any point in the curve (see preceding diagram), 
and let a/, y', be its co-ordinates. Take a second point in 
the curve, of which the co-ordinates are »", y" ; then, 
from the equation of the ellipse (8) p. 74, we have 

y'^^z^l^e^Xa^-x'^) 
7/2=:(i_e2)(a2«.a.'/2), 

or (2/'+2/'0(2/'-2/'0 = -(l-e2)(aj'+a/0(a^-a/0. 
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Now the equation of a straight line t = wx+^, through 
the two points («', i/'), (a/', y"), is 

...T-y'=-(l-e»)^;(x-«/). 

This line is a Becami. ; but if the two points of intersec- 
tion, by approaching nearer and nearer to each other, nnite 
in a single point (»', 2/') ; that is, if a/ = a/', and 2/' = y", 
the secant will become a tangent, and its equation 
will be 

T-2,'=-(l-e«)?;(x-«') . . . (1). 

y 

This, therefore, is the equation of the tangent at the 
point (»', yO- 

Uqrmtion of the Normal, 

Since the normal is perpendicular to the tangent, the 
equation of the normal pb at the point («', y'), is 

B, „p.^ (l-O .^ i« ^ ^,. I CMC 

value might, of course, have been used at the outset), these 
equations become 

Equation of tangent, T— ?/' = — -^ . -^(x—aj') . . (3). 
Equation of normal, t— 2/' = -^ . ^,(x-aj') . . (4). 

M/ 

From the first of these, we have a^iy'—a^y'^ = — &^x»' 
+ 6V2, 

/. a^Yyf -{-a^Ti^ ^ a^y'^^-h^x'^ =an^ (by the equation of 

the curve) : 

hence another form for the equation of the taugent is 
aYY+62a.'x == aH\ or '^'.1+— = 1 ; 
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whicli differs from the equation of the curve itself only in 
y'Y being written for yy, and a/x for xx. 

The equation of the normal, too, may be put in a form 
which, in certain investigations, is more convenient than 
that given above : thus, clearing the equation of fractions, 
and remembering that a^— J^ = c^, the equation takes the 
following form, in which x, T, are replaced by aj, 2/ j there 
being no necessity to retain the former symbols. 

h^xfy-a^y'x+c^x'y' = . . . (5). 

There is also a peculiar form for the equation of the 
tangent at a point (a/, ?/') of the curve, which may some- 
times be employed to advantage: it is peculiar in this 
respect — the co-ordinates of the point of contact «', y\ do 
not enter it, but its coefficient of inclination (m), to the 
axis of X instead. It is obtained thus : 

The coefficient of inclination of the line (8) above, is 

m = -- . - ; so that - = -to^ > 
a^ y' y' tr 

and we may easily put the equations of both the curve and 

the tangent, for the point (a;', y'), in such a form that a/, 1/', 

x' 
shall enter as the fraction — ; and for this fra.ction we see 

y' 

that — - _mmay be substituted. These forms are, for the 

point {x\ y') in the curve, 

yi rfj% yi 
1-1--^ . — == — ; and for the point (aj', ?/') in the tangent, 

^ y y 

, h^ X' &2 

yJr—^x . - = -, ; 
a?- 2/' 2/ 

or replacing — by its value given above, these two equa- 

V 

tions become 

^2 j^2 yi 

l + To^^ = -72, and 2/— ma? = -,. 

y y 

Hence, multiplying the first of these by &^, and squaring 
the second, to eliminate y\ there results 
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Equation of the tangent, 

y^mx=: ^/(m^a^ + h^)* . . . (6). 

Lengths of the tcmgent, suhtangent, normal, and subnormal. 

If in the equation of the tangent (bottom of p. 7"?) we put 
Y = 0, the resulting value of x will be x = -y This ex- 

presses the length dt ; and if oj' or dn be subtracted from 
this, we shall have, for the length of the subtangent NT, 



Subtangent NT = 






In like manner, if y ^ be put iq the equation of the 
normal, we shall have for x the length dk; which sub- 
traoted from dn or a/, will give the length of the subnormal 
K H. "We have therefore to deduce from the equation of the 
normal the value of a/ — x when t := ; and which value is 
readily found to be 



52 
Subnormal kn = -_aj' = (1 — 6^)0;' 

a^ 

.•, DK x= aj'— KN = e^x\ 



this latter being the analytical expression for the distance 
between the centre of the curve and the foot of the normal 
at the point (a/, y') : it is an expression frequently in 
request. 

These values being obtained, those for the lengths of the 
tangent and normal may be deduced thus. Since pt* = nt' 
+NP', we have, by substituting the foregoing expression 
for NT, 

Tangent pt = V^^p^+y'^ 
or, since ?/'* = -^Ca*— o/^), 

* Ab the coefficient of inclination, m, belongs equally to either of 
two parallel tangents, the sign of the radical here may be either + or 
— . It is the former when the ordinate of the point of contact is posi- 
tire, and the latter when the ordinate is negatiye. 
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Tangent Pi= ,^ | («'*rp'+J*(„. _:,'.) }, 

For ihe length of tlie normal, ire have pk* = kn*+np' ; 
whieli, since xp* =y'* 5= -,(rt*— *^), by the eqnaidon of 
the onrre, is 

Normal pk = %/ 1 ^^»'«+^'(fl«-ar^) J , 

At the vertex b of the curve, the normal coincides in 
direction with bd ; bat its length is still definite, and is 
determined bj patting a?' = a in its equation : we thus get 
for the length of the normal at the vertex 

59 
Normal at the vertex b = — . 

a 

And we may here remark that this leng^ is the same as 
that of the focal ordinate; for the focal ordinate is the 
radius vector r, when d ss 90^, in which case the expression 

(2) p. 76, is — , since 1— e* = —,. As in the parabola, 

a a* 

the double ordinate through the focus is called the ladms 
rectrmif or right ^parameter : its length is therefore — ; being 

twice the normal at the vertex b of the curve. 

The student will have observed that although tcmgent and 
normal are terms applied to lines of unlimited lengths, so 
that a point taken on the touching line, however remote 
from the point of contact this point may be, is still a point 
on the tangent ; and a point anywhere on the perpendicular 
to this touching line froxa the point of contact is still a 
point on the normal, yet the portion of the tangent between 
the point of contact and the prolongation of the major dia- 
meter is all that* is meant when we speak of the length of 
the tangent; and the portion of the normal between the 
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same point and the major diameter is all that is meant 
when we speak of the length of the normal : in each line 
the length is limited by the point of intersection of the line 
with the axis of x. We have just assigned the length of 
the normal at the vertex of the major diameter, although 
no one point in it can be regarded as a point of intersection 
with the axis of x, more than any other point in it ; in fact, 
there is no intersection at all, but coincidence : how then, it 
may be asked, can we select a particular point, to the ex- 
clusion of all other points common to the axis and the 
normal, and affirm that to be the point which, and which 
alone, limits the extent of the normal ? 

The student may satisfy himself that the point thus as- 
signed, is correctly assigned, from the following considera- 
tions: 

Conceive the point p (diagram, p. 75) to move towards 
B, and the normal at p, at first pk, to accompany p, still 
preserving its character as normal, till p arrives at B : the 
intersection k will move along kb, towards B, while the line 
EP continues closing upon eb ; so soon as coincidence takes 
place, that is, so soon as p arrives at b, the motion of the 
point E ceases — ^it will have arrived at its final position, 
simultaneously with the arrival of pe at its final position: 
and it is the distance from b of this last jposition of the 
intersection e, that must correctly be the length of the 
normal at b. It is plain that that point which is the last 
of the series of points of intersection, must also be the^^^ 

of the series of points of coincidence which follows. It is this 

79 

point of which the distance from b is found above to be — . 

a 

These ultimate intersections of crossing lines ofben come 
under notice in the more advanced depar&nents of analysis, 
aiid play an important part in certam enquiries ; and it is 
well that the student should thus early have a clear con- 
ception of their existence, and of the stnct propriety of the 
designation ; that he should see that if a moveable straight 
line cross a fixed straight line, and, as it moves along, con- 
tinuously becomes more and more inclined to the fixed 
line, though ultimately it entirely coincides with the fixed 
line, yet that there is, nevertheless, a point in the latter 
which is necessarily the last of the series of intersections, 

beyond which no point of intersection can exist : — all after 

b3 



82 AKALTTIOAL OEOMSTBT. 

that id coinoidenoe, no point in whioh had ever previonslj 
been a point of intersection,. 

We shall now proceed to deduce Borne properties of the 
ellipse from the different forms of the equation of the curve 
here established. 

Properties of the JElUpse in relation to its principal Diamieters, 

Theorem 1. — The squares of the ordinates are to each 
other as the products of the segments into which they 
divide the major diameter. 

From equation (5) p. 72, we have 

^ = -2 ; that is, 2/3 : (a+x) (a-aj) y. h^ : a«, 



(a+x)(a—x) a} 

which shows that t/^, and the product (a+ajX^~"*)f o^ *^© 
two parts into which y divides the major diajneter 2a, are 
always in the same constant ratio, namely, that of h^ to a?. 

Theorem 2. — If a circle be described on the major dia- 
meter of an ellipse, and ordinates, having a common abscissa, 
be drawn to both, the ordinate to the ellipse will be to the 
ordinate to the circle, as & to a. 

Let the respective ordinates to the ellipse and circle 
beg/, T. 

The equation of the circle is 

T«+»* = a\ *•. Y« = a^-aj2 . • • (1). 
The equation of the elHpse is 

»' = Kip?-«^') . ■ . (2). 
a 

Hence, dividing (2) by (1), there results 

!/'-^* . y ^^ •!;•¥••&•« 
T* a* T a 

Theorem 3. — In every ellipse described upon the same 
mag' or diameter the sub tangent is always the same for the 
same abscissa. 

This property is dedaced at once from the general ex- 
pression for the subtangent nT) at page 79 ; for as that 
egpreimon in independent pf the val^a of h^ it remains 
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tmaltered in value whatever value be given to &, provided 
that the values of a and x' remain the same. 

Theorem 4. — The normal at any point of an ellipse bi- 
sects the angle between the two focal distances of that 
point. 

Let p be any point in the curve (diagram, p. 75), and 
PR the normal at that point : then s and h being the foci, 
we have DS = DH = a0; and putting t = in the equation 

(4) of the normal (p. 77), and remembering that — = 1 — e*, 

Or 

wehave-l= -j^^-^,; /. (\--e'^)x' ^x'^:s., .\ x = dk 

(1— e'*)^' 

= eV (or see p. 79). 

Hence hk tts, tiD + DK =« aa + eV = e(a+ea/) 1 . n 

and Bias bs— DK = ae— eV = c(a— ea?') J • • w- 

But PH+PB an 2a, and ph— ps = 2ex' (p. 72, putting 

e for - ] ; therefore, by first adding and then subtracting, 
aj 

PH sa a+69i'y and PS = a-^eoof. 

Hence, by substitution in (a), we have 

HK = . PH, and SK = . PS ; 

. HiC . PH PH 



• • 



SK . PH PS 

that is, HE : SK :: PH : ps. 

Consequently (Euclid, 3, vi.) the angle hps is bisected by 
the line pk. 

Oorollary, — It follows from this that the two radii vectores 
HP, SP, are equally inclined to the tangent at p. 

Theorem 5, — u from the focus a perpendicular to the 
radius vector of any point in the curve be drawn to meet 
the tangent at that point in p, the locus of p will be a 
straight line. 

The equation of the line passing through the focus s, or the 
point (c, 0), and also through the point (aj', y') of the curve is 

y = j^X^-^) • • • (i)» 

and therefore the equation of the perpendicular to it from 
the point (c, 0) is 
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y = ^-Y^ (.»>-<>) ■ • ■ (2), 

Also the equation of the tangent to the ellipse at the 
point (a/, y') is 

ay^ + ftVaj =a%* . . . (3). 

The equations (2), (3), at the point of intersection, are 
simultaneous, therefore 

(c-a/)(«-c) = h^-f^x'x . . . (4), 

which is an equation of the first degree in x ; and there- 
fore represents a straight line : moreover, as y is absent, 
the locus must be a straight line perpendicular to the major 
diameter of the ellipse. By solving the equation (4) we 

ft fh 

find that a? = -- = - ; which expresses the distance of the 

c e 

Kne from the centre of the curve. 

Bj analogy to the parabola, this line is called the direc- 
trix of the ellipse : there are obviously two directrices ; one 
for each focus. The perpendicular to the radius vector 
from the focus is called the jpolar suhtangent of the curve 
for the point to which the radius vector is drawn ; so that 
both in the parabola and in the ellipse, the directrix is the 
locus of the extremities of polar subtangents. 

The following are left for the student to investigate for 
himself: — 

6. Prove that the latus rectum is a third proportional to 
the major and minor diameters. 

7. Prove that if a semicircle be described on the major 
diameter, and a perpendicular to this diameter be drawn, 
cutting the ellipse in the point P, and the semicircle in p', 
the tangents at p and p', will both meet on the prolongation 
of the diameter. 

8. Prove that in every ellipse the semi-parameter is 
always greater than once, but less than twice the distance 
of the focus from the vertex. 

9. In the diagram at p. 75, prove that db . nb = dn . bt, 
and that dn . NT = an . nb. 

10. In the same diagram, prove that do . np = dc^, and 
that Dv . CO = cv . CD, also that dt . dn = db^. 
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11. Prove that yd is to yb always in the same constant 
ratio, wherever in the curve the point p may be, 

12. Prove also that db and pn are always in the same 
constant ratio. 

13. The rectangle of perpendiculars from the two foci 
upon any tangent to the curve is equal to the square of 
half the minor diameter. 

14. The perpendicular from either focus, upon a tangent 
to the curve, will meet the tangent in a point, the locus of 
which is the circle described on the major diameter. 

15. If pairs of tangents to an ellipse intersect at right 
angles, the locus of the intersections will be a circle. 



Properties of the Ellipse related to its Oonjugate Diameters, 

The foregoing properties of the ellipse have been deduced 
from the equation of the curve, expressed in one form or 
other, and from the equations of the lines drawn in con- 
nection with the curve — tangents, normals, Ac. All these 
equations, however, refer the several lines considered to 
the principal diameters of the curve taken for rectangular 
axes. 

By referring the curve to other systems of co-ordinates, 
additional properties of interest are likely to unfold them- 
selves. We shall now, therefore, transform the equation 
a*v* + fe*«* = a* 6* into another, equally characterising the 
ellipse, when the co-ordinate axes, having still the centre 
for their origin, are obUque instead of rectangular. It 
appears from what is shown at page 56, that in order to 
transform the equation from rectangular to oblique co- 
ordinates, without displacing the origin, we must put for x 
and y^ in the primitive equation, the following values, 
namely, 

for aj, X cos a+y cos a' ; 

and for y, x sin a+y sin a'. 
These substitutions convert the equation 

into the following, namely : — 
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a* sin *a' 
+ &* COS V 

+ a? sin ^a 
+ 6^ cos 2a 



y^-^2a^ sin a sin a' 
+ 26^ cos a cos a' *^ 

aj2 = a252 ... (a) 



in which equation a, a' are the angles which the new axes 
of X and y respectively make with the primitive axis of » ; 
that is, with the major diameter of the ellipse. As these 
angles are arbitrary, that is, open to any interpretation we 
may choose to give them, they may be so determined, or 
the relation between them so fixed, that the following con- 
dition may be ftdfilled, namely : — 

a^ sin a sin a' + h^ cos a cos a' ^ . . . (1), 

for which condition the middle term will disappear. 

Dividing now the left-hand member of this equation by 
cos a cos a', the condition becomes 

a^ tan a tan a' + 6^ = 0, or tan a' = -s-- . , * (!2). 

a^ tan a ^ ^ 

This therefore is the relation between a and a' which 
must subsist in order that the transformed equation (a) 
may have the same form as the primitive, whatever the 
inclination a of the new axis of x to the old axis may be ; 
so that, draw this new axis of a?, from the origin^ in what- 
ever direction we may, the proper direction to be given to 
the new axis of y, in order that the equation of the 
curve, when referred to these new axes, may involve only 
the squares of the variables, will be determined by the con- 
dition (2) : the transformed equation (a) will then be 

(a^ sin V + 52 cos V)2/3 + (a« sin *a+h^ cos* a)x^ 

= a%^ . . , (3). 

Now this equation of the ellipse is not only of the same 
form, as respects the variables, as the primitive equation, 
ahj^+h^x^ =:^ a'^h^y but it is readily convertible into the 
same form as respects the constants also ; for dividing both 

members of it by a^b^, and, for brevity, putting — for the 

coefficient of 2/^ and -^ for the coefficient ofaj^, the equation 

a 
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takeis tlie form 

^2^'+ J2^'=«l' •••^V + 2'''^' = »''&" • . • (4) 

which is similar to the primitive equation both as to con- 
stants, and as to variables. And consequently, just as it 
was inferred, from the primitive equation, that a, 6, were 
rectangular semi-diameters, so here may it be inferred, in a 
similar manner, that a', h', are oblique semi-diameters of the 
curve : we have only to put first, a; = 0, and then 2/ = 0, 
in the equation (4), to assure ourselves that the semi- dia- 
meters, which coincide with the axes of y and x respec- 
tively, are y = + &', and oj = + a' ; these being the portions 
of those axes between the centre and the curve. Hence 
the diameters, here taken for oblique axes of reference, are 
2a', 2V ; and it may be shown (exactly as at p. 73 it was 
shown "from the primitive equation) that each of these 
diameters bisects all the chords drawn parallel to the other 
diameter. Pairs of diameters having this property are 
called Conjugate Diameters. Equation (4) is thus the gene- 
ral equation of the elHpse when referred to any pair of 
conjugate diameters as axes. 

Of all pairs of conjugate diameters in an ellipse, the 
principal diameters are the only pair which are at right 
angles to one another ; for in order that two lines may be 
perpendicular the one to the other, there must subsist the 
condition tan a tan a' = — 1 ; a, a', being the inclinations 
of the lines to the axis of x : but, for a pair of oblique con- 
jugate diameters, tan a tan a' is = —1, only when a = 6, 
as appears from the condition (2), p. 86 ; that is, only 
when the curve is a circle, which is the extreme case of the 
ellipse, or the case in which the distance between the foci 
is zero. K, however, in (2) we put a = 0, the correspond- 
ing value of tan a! will be infinite, showing that for a = 0, 
a! must be 90° ; or that the conjugates must be the prin- 
cipal diameters. From the same condition (2), it farther 
appears that when one of the angles, a, is acute, the other, 
a', must be obtuse ; or that when one of the two tangents 
is positive, the other must be negative ; so that according 
as one of the conjugate diameters is above, or below, the 
major diameter, the other conjugate must be to the left, or 
td the right, of thd tninor diameter. 
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Since the equation a^y^-^-V^x^ = a*6^, where a, 5, are the 
principal semi-conjugates, supplied us with a group of 
properties of the ellipse, it is plain that the equation 
«'y + 6'^«^ = a'^6'^, having a similar form, will furnish 
us with a group of like properties extended to conjugate 
diameters generally. Thus : — 

1. Straight Hues drawn through the extremities of any 
diameter, and parallel to its conjugate diameter, are tangents 
to the curve (p. 73). 

2. The squares of chords drawn parallel to one of two 
conjugate diameters are as the rectangles of the parts into 
which they divide the other (p. 82). 

3. The rectangle of the ordinate of any point (»', y') in 
the ellipse, and the ordinate drawn from the centre to the 
tangent at (x'^ y'), is always equal to the square of that 
semi-diameter which is taken for the axis of ordinates 
(p. 84, Ex. 10). • 

4. And the rectangle of the abscissa of the point of 
contact, and the abscissa of the poiat where the tangent 
meets the axis of abscissas, is always equal to the square of 
that semi-diameter which is taken for the axis of abscissas 
(p. 84, Ex. 10). Not only is the equation of the curve 
when referred to cmy pair of conjugate axes, the same in 
form as when it is referred to rectangular conjugates, but 
the equation of the tcmgent is also the same in form (p. 84), 
the only difference in either equation being that, for the 
oblique axes, a', h', replaces a, h ; that is to say, conjugate 
diameters in general (2a', 2&'), may be employed instead of 
the particular conjugate diameters 2a, 2&, in these equa- 
tions. Hence, all those properties of the elHpse which are 
derived exclusively from the equation of the curve, or from 
the equation of the tangent, or from the combination of 
these equations, when the axes of reference are the prin- 
cipal conjugate diameters, equally have place whatever 
conjugate cSameters are the axes ; the same may be said 
as to properties in which the sub-tangent is concerned, the 
sub-tangent being, in general, the intercept of the axis of 
abscissas between the foot of the ordinate and the point 
where the tangent meets the axis of abscissas. 

We shall now proceed to develope a few additional pro- 
perties of the ellipse. 

Bwpjplemental Chords, — If from the extremities A and b, 
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of the major diameter of an ellipse, two straight lines be 
drawn to any point p in the curve, these 
lines are called sv^lemental chords, in 
reference to that diameter. 

The equation of the line bp, passing 
through the point b, whose co-ordinates, 
in reference to the principal diameters, 
are » = a, and y =s 0, is 

y = w(aj— a), 

and the equation of the line ap, passing through the point 
A, whose co-ordinates are » = — a, and ^ = 0, is 

y =zm/(x-{-a). 

Let a/, y\ be the co-ordinates of the point ? ; then since 
ihis point is in both these lines, and also in the curve, we 
must have the three following simultaneous equations, 
namely, 

y'=sm(a/— a) . . . (1) 

y = m'(«' + a) ... (2) 
a«i/'«+6Va = a«&« ... (3) 

Prom (1), m = -^— ; and from (2), m' = -,^~ ; 
therefore mm' = -^ — ^ • . • (4). 



And from (3) we have 






But (4), -j^ — 5 = mm^ ; therefore mm' = — ., 

If the two meeting chords be drawn from the extremities 
of any other diameter, they are supplemental chords in 
reference to iluit diameter ; and the relation just established 
will still have place ; for 

Let ee' be any diameter whatever, and let «", y" be the 
co-ordinates of &e point e in reference to the rectangular 
conjugates taken as axes ; then will — »", — 2y"> ^® *^© co- 
ordinates of the point e'. The equations of the straight 
lines, EP', e'p', to any point p', or (a/, y') will be 
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For EP'...y— 2/" = m(aj— aj") 
and for e'p'...^/ -j-i/" = wi'(aj+aj"), 
and since the point p' is in both these lines, we haye 

But as the same point p' is also on the onire, therefore 

a^y'^ + h^x'^ = a^b^ . y'^-y" ^ _ _h* 
anda87/'2+&2a.'/2 = a2&2 •• a/^^x"^ a^* 

Consequently, mm/ = — ^ . . . (5) 

which is the same condition as before ; and implies that 
whatever diameter of an ellipse be taken, if chords &om 
the extremities of that diameter meet in the curve, the 
trigonometrical tangents (m, m'), of the inclinations of 
these chords to the major diameter, always have the constant 
product (5) above. 

Problem. — To find an expression for the cmgle contained by 
supplemental chords drawn to OAiy pomt P in the curve 
from the extremities of the 'inajor diameter. 

From the formula at p. 19 tan p = 



but (p. 89) the expressions for m, m', are 

y' I v' 

m = — ^ — , m = -f- — , 
x' '-a «' + ^ 

y' t^ 

xf^a x^+a ^ 2 ay' 

.'. tanp -.— — ^,i ~ ^2,^2^y/2- 

But, since the lines meet in the curve, we must have 

ah/^ + h^x'^ = a^h\ or x'^-a^ = "^^^ 

hence by substitution, 

2ay' 2a 52 

tan P = "^ — — 



J2 ^H 
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From this expression it follows that if p be any point of 
the curve above ab, that is, any point for which y' is posi- 
tive, the tangent of the angle APBis negative; and there- 
fore the angle itself is ohticse. Now the greater any obtuse 
angle is, the smaller is the tangent of it ; the above ex- 
pression for tan p is the smallest possible when y' is the 
greatest possible, that is, when y' = h. Hence all the 
angles inscribed in an ellipse, and subtended by the major 
diaineter, are obtuse ; and the greatest of these obtuse 
angles has its vertex at the extremity of the minor 
diameter ; we infer, moreover, that if a semicircle be 
described on the major diameter, the arc of it will lie 
wholly without the ellipse ; for the angles in a semicircle 
are all right angles ; in order, therefore, that an angle 
subtended by the diameter may be obtuse, the sides of it 
must meet in a point within the semicircle. Further, if an 
arc of a circle be described passing through the extremities 
of the major diameter, and also through the vertex of the 
minor diameter, this arc will lie wholly within the ellipse ; 
for the angles inscribed in the circular segment are each of 
them equal to the tnaximum angle in the semi-elHpse ; and 
consequently are each of them greater than any of the 
angles in the semi-ellipse, this maximum angle excepted. 
The values of m and m', for the maximum angle, that is, 
the angle whose vertex is at the extremity of the minor 
diameter, are 

•L T 

m =s — -, m/ = -, since when v' = 6, a/ = 0. 
a a 

It is plain that by changing m into y, and y into x, in the 
equation of any curve, we merely interchange, or transpose, 
the axes of co-ordinates. In the ellipse, these changes of 
the variables give the same equation that we should get by 
leaving the variables untouched and changing a into h and 
b into a. Hence making these changes, the minor diameter 
becomes the axis of oj, and the major diameter, the axis of 
y ; hence if the angle P be subtended by the minor diameter 
the expression for its tangent is 

which is always positi/ue; the angle p is therefore always 



onle, and is leart idm if k gitaUasi ; tloii la, when it is 
equal to the seiiii-]iiaj<»' diameKer: hence all the angles 
subtended bj the minor diameter are acute ; and the least 
of these acate angles is that whose Tcrtex is at the ex- 
tzemifcj of the major diameter. The eiin ca ak m for this 
mininmm. angle is 

and smoe tins Talne difEera firom the former only in its sign, 
we infer that these two angles are sapplements of each 
other. 

It follows^ firom the &ct, that all the angles inscribed in 
an elUpee, and subtended bj the minor diameter are acate — 
that a semicircle described on the minor diameter will lie 
wh^ly within the ell^pee ; and that if an arc of a circle pass 
throogh the extremities of the minor diameter and the vertex 
of the major diameter, it will He whol^ tcitkoui the ellipse. 

Theorem 1. — ^The diameters of an eUipee which are 
parallel to an j pair of supplemental chords will always be 
conjugate diameters. 

It appears, by the condition (2) p. 86, that in order 
that two diameters may be conjugate diameters, their in- 
clinations, a, a' to the major diameter nrast be such that 

tan a tan cr =s — -^ or i» f»= .^. 

putting m, m\ for the tangents ; and that if this condition 
have place the diameters cannot be other than conjugate 
diameters. 

Now it has been shown (p. 89), that the inclinations of 
a pair of supplemental chords, in reference to any diameter, 
have this relation to each other: hence the diameters 
parallel to any pair of supplemental chords must be con- 
jugate diameters. 

CoroUary, — ^Hence of all pairs of conjugate diameters, 
those two diameters contain the greatest angle which are re- 
spectively parallel to the equal supplemental chords from 
the extremity of the major diameter. These diameters are 
also equal conjugates ; for the acute angles they form with 
the major diameter are eqnaL 

In relation to these equal conjugate diameters, taken as 
Bxes, the equation of the ellipse is simply 
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which, in form, is the same as the equation of the circle ; 
and a circle it would characterise, were it not for this im- 
portant distinction, namely, that in the equation of the 
circle^ the axes of reference are necessarily rectangular ; 
whilst herej they are necessarily oblique. 

Theorem 2. — ^If from the extremities of any diameter 2a', 
supplemental chords be drawn, and they be referred to the 
oblique diameters 2aV 25', as axes, the coefficients of in- 
clination (m, m'), in the equations of these chords, and also, 
of course, in the equations of the diameters parallel to them, 

will be such that mm/ = j^,. 

This condition is analogous to that already shown to 
have place when the principal diameters are taken for axes : 
it may be proved as follows : — 

The equations of the two chords, one passing through the 
point (a', 0), and the other through the point (— a', 0), 
are 

y=m (aj— a'), andy=m' («+a') ; 

and by imitating the steps in the investigation of the 
analogous property, at p. 90, we arrive at the condition 
announced above. 

It is to be observed, however, that the symbols m, m', 
herey do not denote the tangents of the angles which the 
chords make with the axes, since, in the present case, tbe 
axes are oblique : — ^they denote the respective ratios of the 
sines of the two angles which each chord makes with tbe 
axes 2a', 25', these being oblique ; or they each denote 

the ratio -, of the co-ordinates of any point (aj', y') in the 

chord. 

Theorem 3. — K the tangents be drawn at the extremities 
of any diameter, and they be limited by two supplemental 
chords, prolonged beyond their point of intersection, the 
rectangle of these tangents will always be equal to the 
square of the diameter parallel to them. 

For taking the proposed diameter 2a' for the axis of a;, 
and the conjugate to it 25', parallel to the tangents, for the 
axis of ^, and representing the lengths of the two tangents 
by ^9 t'i it is plain that these lengths will be 

fsB2wa', and ifsz^m'a'^ /. t /'aeiwimV*. 
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But 4nnm'= -^' = - (?^, /. ti/ = (2hy. 



a* a' 



Of course, when we have to express the absolute length 
of a line, or the absolute magmtude of a surfetce, any prefixed 
sign is superfluous. 

Theorem 4. — K apoint be anywhere taken upon a diameter, 
and another point be anywhere taken upon the conjugate 
to that diameter, the rectangle of the two abscissas will be 
to the rectangle of the two ordinates, as the square of the 
diameter taken for axis of abscissas, is to the square of the 
conjugate to it, taken for axis of ordinates. 

Let (aj'j 2/0 b© the point taken upon one of the diameters, 
and («'', y") the point taken upon the conjugate diameter ; 
then the coefficients of inclination (jni, m') in the equations 
of these diameters, when referred to any other pair of con- 
jugate diameters, 2a', 2&', as axes, will be 

m=^ ^, and m' = ^. 
X x" 

But mm' ^ ^g, /. ^,^ = — ^, which proves the 

theorem. 

Theorem 5. — The sum of the squares of the reciprocals 
of any two diameters, at right angles to each other, is a 
constant quantity, namely, the sum of the squares of the 
reciprocals of the principal diameters. 

Let ttj, 6i, represent any two semidiameters at right 
angles to one another ; it is to be proved that 

In the general transformed equation at page 86, the 
axes of reference, originating at the centre of the ellipse, 
may have any inclinations a, a', whatever to the semi- 
diameter a. If we put, first y = 0, and then aj = 0, in this 
general equation, there will result, for the squares of the 
semidiameters coincident with the axes, the values 

a^ sin *a+&^ cos ^d a^ sin V + &^ cos V 

In these general values for the squares of the two semi- 
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diameters, a, a', are arbitrary angles : they are not restricted 
to any particular values or conditions ; we are at liberty to 
subject them to any condition we please. Let them be 
chosen so that a =5 a'— 90°, or, which is the same thing, 
let a =a —•(90°— a') ; then by Trigonometry, 

sin *a =e cos ^a', and cos ^a = sin ^o', 

_ fta(singa + sin»QO + h^co^_a+co^_a^ 
__ a^(sin" a + cos^ a)4-&^(sin2 a' + cos^ a') 

Let us now return from the obHque conjugates, as axes, 
to the rectangular. Li order to this, we need only find 
the values of aj' and y' in the equations (2) at p. 56. 
Omitting the constants a and &, if we multiply the first 
equation by sin a', the second by cos a', and subtract the 
latter result from the former, we shall get x' ; and if we 
multiply the first by sin a, the second by cos a, and sub- 
tract in like manner, we shaU get y' ; and, suppressing the 
dashes over these letters, shall have 

-ni X sin a'—y cos a' n « y cos a—x sin a 

For », . . / . , and for y, ^ —r-^ — 

sm(a' — a) sm(a' — a) 

These substitutions being made, the equation a'^y^ + h'^x^ 
=s a'2 j/2 becomes converted into 

y*— 2a'^ sin a cos a 

— 2&'^ sin a' cos a' ^ 
aj2 = a^2j/2 gin2 (a' -a) . . (b) 

This equation, in which a'— a is the angle included 
between the original oblique axes a', ¥, applies to an/y 
system of rectangular diameters taken as axes; but in 
order that it may be identical to the primitive equation 
a^y^-^h^ifi wa d^h\ the coefficients mast satisfy the follow- 
ing ccmditumsi namely, 



a'« 


cos* 


a 


6'« 


cos^ 


a' 


+ a'« 


sin* 


a 


+ &'2 


sin* 


a' 
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a'2co82a + &'acos«a'=:a2 . . . (1) 

a'2sin2a + 6'«sin2a' = &3 . . . (2) 

a'2 sin a cos a + h'^ sin a' cos a' = ... (3) 

a'H'^ sin2 [a', 6'] = a«&« . . (4) 

in which last condition, [a', 6'] is pnt to denote the angle 
between the obliqne semidiameters a\ V, 

Two interesting properties of the ellipse are implied in 
these conditions : thus, by adding together (1) and (2), 
the following Theorem is at once deduced, namely : — 

Theorem 1. — The sum of the squares of the diameters 
forming any pair of conjugates is always equal to the sum 
of the squares of the principal diameters. 

For, a'\sm ^a+cos ^a)-\-V\^ V+cos V) = a'«-f ft'* 

Theorem 2. — Parallelograms circumscribing an ellipse, 
and having the sides of each parallel to a pair of conjugate 
diameters, are all equal in suiriPace ; the constant area being 
the rectangle of the principal diameters. 

For the area of a parallelogram is equal to the rectangle 
of two adjacent sides of it multiplied by the sine of Qie 
angle between those sides ;and from (4) we see that 

a'y sin [a', &'] =s a& ; and therefore that 
4a'&'[sin a\ &'] = 4a& ; 

which proves the theorem. 

As already observed, the general equation (b) applies to 
any system of rectangular diameters : whatever rectangular 
diameters, taken as axes of reference, be chosen, provided 
only we give the proper special values to a and a', the 
equation (b) will be that of the ellipse referred to those 
diameters as axes. If we put first oj = 0, and then y = 0, 
in the equation (b), we shall get for the resulting values of 

- -, - «, the expressions 
V » 

1 _ a'2 co8^ a + &^^cos V 1 _ a^^sin^g + fe^gsin V 
y'^ ■" a'^V^lin «[»', 6'] ' x'^ a'H'^ sin« [a', 6'] ' 

By adding these fractions together, we get a'* + 6'* for 
the sum of the numerators, which sum we have just seen to 
be equal to a'+&^ ; and the common denominator has been 
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shown to be equal to a^h^; since a', &', are semiconjngate 
diameters. Hence, as rather differently proved at page 94, 

Theorem 3. — Jf through any point within an ellipse 
chords be drawn ; and then at the two extremities of each 
chord tangents to the ellipse be applied, meeting in a point 
p, the locus of p will be a straight line. [This Theorem is 
a generalization of that at page 46 ; we shall leaye it, as 
also the following Theorems, for the student to prove.] 

Theorem 4. — The rectangle of the radii vectores of any 
point in an ellipse is equal to the square of the semi- 
diameter, conjugate to that at the point. 

Theorem 5. — Of all pairs of conjugate diameters, the 
sum of the equal conjugates is the greatest, and the sum of 
the rectangular conjugates the least. 

Theorem 6. — ^The radius vector of any point p, is to the 
perpendicular, sf', from the focus to the tangent i^ p, as the 
diameter (2h'), conjugate to that at p, is to the minor 
diameter (2h) ; that is, 

sp: sp' :: h' i b. 

Theorem 7. — ^The equation of the tangent at a point 
(a/, y) in the curve, and the equation of the chord of con- 
tact of two tangents drawn from an external point (xi, yi)^ 
are of the same forms, respectively, when the axes of refe- 
rence are oblique conjugate diameters, as when the conju- 
gates are the rectangular diameters ; that is, 

or, y^mx= V(rn^a^^ + b'^)^ J 

of the tcmgent. 

The latter is the equation which a line (whose coefficient 
of inclination, in reference to conjugate diameters as axes 
is m) must have, in order that it may touch the curve. 

* The coeffident of inclinatian, mt belongs to each of two parallel 
tangents to the curve ; and the zadical here is + or — , according as the 
ordinate of the point of contact is + or — . 
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And 



or. 









Equation of tJie 



chord of coftiiad of tcmgenUfrom cm external point (ajj, yj). 



Area of the Ellipse. 

From the property that if a circle be described upon the 
major diameter of an ellipse, any ordinate to the ellipse is 
to the ordinate, for the same abscissa, to the circle, as & to 
a (p. 82), the area of an ellipse, of which the principal 
diameters are given, may be readily determined. 

In the circle described upon the major diameter of the 
ellipse, conceive any polygon whatever to be inscribed, one 

of the sides of which is mm', in the an- 
nexed diagram. Draw MP, m'p', per- 
pendiculars to the major diameter of the 
ellipse, cutting the curve in n and n' ; 
and join N, N . Let perpendiculars be 
*" in like manner drawn from the ends of 
eveiy side of the polygon inscribed in 
the circle ; and, as here, let the points 
where they cut the curve be joined ; we 
shall have inscribed in the ellipse a polygon having the 
same number of sides as that inscribed in the circle. 

Let Y and y' be the ordinates of the points M and m' ; and 
y and y\ the ordinates of the points N and n', corresponding 
respectively to the abscissas a;, x' ; then the areas of the 
trapezoids mm'p'p, nn'p'p, are 




mmVp = I+I^(aj-.aj'), 



NN' 



yp = l^(aj-a;'), 



. NNVp_ y+/ 
mm'p'p y+y'* 

Now, page 82, y = -y, and y' = -y', 

a a 

. y+y' _ nnVp __ h 

y+y' "" mm'p'p "" a 
In like manner, each of the trapezoids which compose the 
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polygon inscribed in the ellipse, is to the corresponding 
trapezoid of the polygon inscribed in the circle as 6 is to a : 
hence the sum of aU the former trapezoids is to the sum of 
all the latter, that is, the polygon inscribed in the ellipse, 
is to the polygon inscribed in the circle, as & is to a. 

As this is true however numerous the sides of each poly- 
gon may be, or however small each side may be, it must be 
true in the extreme case when the polygonal lines merge 
in the curves themselves ; consequently if 8 represents the 
area of the ellipse, and s the area of the circle, we shall have 

-= -; and therefore s = s . . . (1). 
s a a 

Now the area s, of the circle, is s = 4a^ x •7854 ; there- 
fore (1) the area «, of the ellipse, is 

Area of the eUipse = -s = 2a x 26 x 7854 ... (2). 

a 

Hence to find the area of an ellipse, we have only to 
multiply the product of its principal diameters by '7854. 

An ellipse therefore is equal to a circle the square of 
whose diameter is equal to the rectangle of the principal 
diameters of the ellipse. 




• Section IX.— THE HYPERBOLA. 

The hyperbola is a curve such that if from any point p in 
it, two fines be drawn to two y p 

fixed points s, h, called the foci 
of the curve, their difference ph 
— PS, will be always the same.r 
In this curve, as in the ellipse, 
the focal distances PS, ph, of any 
point p, are called the radii vectores of the point. 

Problem 1. — Tofitid the equation of the hyperbola^ when 
referred to DX, dt, as rectangular axes, the origin being at D, 
the middle jpoint of the line HS. 

Let any point p in the curve be denoted by (x, y) ; and 

let 2a be put for the constant difference PH— PS ; put also 

r2 
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c for DS, or DH : then the equation of the locus of P is to be 
deduced from the following conditions, namely, 

PH-PS=2a ... (1); PH«=7/ + (aj + c)2 . . .(2); 

Ps2 = 2/2-f(»-c)* . . . (3). 

Now in order to eliminate ph, ps, fi?om these equations, 
take the sum and difiference of (2) and (3) : we thus 
have 

ph2+ps«=2(2/2 4-«Hc2) ... (4); 
ph2—ps*=4 caj ... (5) 

and dividing (5) by (1), ph + PS = — : hence first adding 

CL 

(1) to this, and then subtracting, ph =- aj+a, and PS 

a 

= - a; — a ; which values substituted in (4), convert that 
a 

equation into 

?! x^ + a^=y^ + x^+ c2, or a^ + (a^ - c^)®^ 
=:a\a^-^c^) . . . (6), 

which being the general relation between the x and y, of 
any point in the curve, is one form of the equation of the 
curve. 

If in this equation we put y=0, we shall ascertain the 
points where the curve crosses the axis of x : the abscissas 
of these points are therefore a5= + a, and aj= — a ; so that 
the curve crosses H s in two points B, A, equidistant from d ; 
and since the points S, H, are also equidistant from D, it 
follows that BS=AH. If we put aj=a:0 m the equation (6), 
we find that, for the corresponding values of y, we have the 
expression 

2/=:<v/(a2-c8)=t<v/(c2-.aa)v/-l. 

showing that there is no ordinate to the curve at the origin ; 
in other words, that the curve has no intersection, or con- 
tact, with the axis ofy : that a^—c^ is negatwe, or that a is 
less than c, is plain ; for a is db, as just shown, and c is DS. 
Although the ordinate at the origin is thus seen to be 
vmagma/ry, that is, having no real existence as an ordinate 
to the curve, yet if we mark off from the axis of y a length, 
zaeasnred £rom the origin D, eq^aaX to tTaa real quantity 



(8). 
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^/(c*— a*), and put h for this length, the eqnation (6) will 
assume a form analogous to the equation of the ellipse j for 
it will then be 

y' = %(x^-a^) ... (7) 
and therefore, 

a 

From the first of the equations (8) we see that for all 
values of x between the limits x= +a, and 05= —a, the 
values of y are imaginary; in other words, that between these 
limits, which the points B and A terminate, perpendiculars 
to the line ab never meet the curve ; but that beyond these 
limits, in both directions, however great the value of x may 
be, there are always two real and equal values for the corre- 
sponding y ; one indicating a point ( + aj, y), on the curve, 
and the other, the opposite point (+2?,— 2/); the former 
above, and the latter below the axis of x : the double sign 
-ho;, implying that the inference is the same whether the 
abscissa be measured in the positive, or in the negative, 
direction. We conclude, therefore, that the curve consists 
of two distinct branches ; one branch spreading out towards 
the right, and the other, equal to it, spreading out towards 
the left J and that these branches are separated from one 
another by the interval which lies between the two parallels 
whose equations are x=ia,x= — a; that is, between the two 
perpendiculars to ab, drawn from the extremities A, B, of 
this line ; and which are tangents to the curve at the points 

A, B. 

It thus appears that no point in the hyperbola can be 
situated anywhere between these parallel tangents, but that 
on each side of them the branches of the curve extend 
onwards without termination, and that to each one of equal 
and opposite abscissas, there belongs a pair of equal and 
opposite ordinates ; and also that all four of the ordinafces, 
belonging to equal and opposite abscissas, are equal in 
length. On this account we may conclude that chords 
drawn parallel to A b are all bisected \s^ ^t> ^^sA'-^iya. ^'^k- 
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l<Higation ; and that chords paraUel to yd are all bisected 
bj the prolongation of ab. 

Let any straight line ^=mj% drawn through the origin D, 
meet the carve in a point (jr', y') : it will also meet the 
cnrve in the point (— or',— y'), situated in tiie opposite 
branch, since for y=zmx^ in (8), there are two values of as, 
eqnal in magnitade, bat opposte in sign, and therefore two 
yalaes of y, namely yi=mx, eqasl and opposite in sign : hence 
the straight line throagh D meets the carve in two points, 
on opposite branches, and is hiseded in the point D, becaase 
a'*+y*=(— ar)*+(— y*). The point D, thas bisecting all 
chords passing throagh it, is the centre of the hyperbola, 
and the chords themselves diameters ; the chord ab, or 2a, 
joining the vertices of the two branches of the carve, is 
called the transcersej or principal diameter ; and that portion 
DC of the axis of y, of which the length is DC= s/i^—a^), 
thoagh the line is anoonnected with the carve, is called the 
principal second semidiameter of the hyperbola ; or taking 
1>E=DC, CE=:2^/(c'— a')=25^principEd second diameter. 




These coold not be called major and minor diameters, as in 
the ellipse, becaase h may exceed a, since c may be any 
length greater than a in ^/c*— a*). 

The equation (7) is thas the equation of the hyperbola 
in reference to its principal diameters 2a, 2^. If the par- 
ticular curve be such that a = &, the hyperbola would be 
what is called an equilateral hyperbola, because of this 
equality of its principal diameters ; so that while equality 
of the principal diameters converts the ellipse into a circle, 
the same equality converts the hyperbola into an equilateral 
hyperbola. 

As in the ellipse, the ratio — = 6, is called the excentridty ; 
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the expression for c here, is c* = a*+ 6* ; wMst in the ellipse, 
it is c^ = a^— &^ : and it is obvions that, in general, since 
the equation of the hyperbola differs from that of the 
ellipse only in the sign of 6*, the various analytical results 
arrived at in the discussion of the ellipse, must become 
applicable to the hyperbola when + 6^, in those results, is 
changed into —5'. 

If the origin of the rectangular axes be removed from 
D to B, as it will be if a; + a be substituted for x in (7), the 
equation of the curve will be 

j,» = J_;(a,«+2a«,) . . . (9). 

Cv 

In the case of the ellipse (page 75), the origin was 
removed the distance a to the l^, and the substitution 
was therefore a?— a for x ; here, the removal is to the right ; 
so that to assimilate the two cases, as to transference of 

origin, the equation (9), at page 75, shoxdd be y* = — ^ 

a 

{p? -H 2ax) ; which is converted into (9) above, by changing 

the sign of 6^. 

In terms of the excentricity e, the equation (7) of the 

hyperbola is 

7/* = (c^ — 1) (o;^— a^), equa. inteiins of the excentricity (10), 

because &2 = c^— a*, and d^^^a^e^; giving e*— 1 for --. 

In the ellipse, the corresponding equation is y* = (1— e^) 
(^a^^x^) ; so that the two equations are apparently iden- 
tical without any change of sign ; but the identity is in 

appearance only, since in the ellipse 1— e* stands for -j, 

whilst in the hyperbola it stands for — ^ : in the ellipse 

therefore e is always less than 1 : in the hyperbola e is 

always greater than 1. In each curve, the line «=: — is the 

^ • 

directrix. 

For the equation in terms of the excentricity, when 
the origin is at B, we have only to substitute e* — 1 for 



104 AKALTTIGAL OEOMETBT. 

^ in (9), and the form becomes 

y« = (e«-.l)(a;«+2cw) . . . (ll). 

And if the origin be at the focns s, since dn (the primi- 
tive x) s= SN + ae = x-^-ae, this is the value which must 
replace x in (9) instead of x-ha: making therefore this 
sabstitntion, the equation (9) becomes 

y« = (e«-l)(aj«+2ae»+5a) . . .(12), 

the equation of the curve when the origin is at the focus s. 
Put a; = in this last equation, and there results for y, 
the ordinate at the focus, 

y^-^.b; that IS, 2/ = -, /. 22^ = — = V -» 

so that (like as in the ellipse) the double ordinate at the 
focus is a third proportional to the transverse and second 
(or conjugate) diameters. 

This double ordinate, as in the ellipse, is called the prin- 
dpal pa/rameter (p), or the parameter of the transverse 
diameter; and hence (equation 7), when the origin is at 
the centre, 

2/2 = ^ (a;2— a2) is the equation in terms of the 

principal parameter . . . (13). 

In the equilateral hyperbola, 6 = a ; so that then p == 2a ; 
that is, the principal parameter is equal to the transverse 
diameter. 

7 2 

If the origin of the axes be at b, then putting ^ for — 

in (9), the equation is 

2/2 = £+pa; . . . (14). 



Problem 2, — To jmd the Polar Equation of the Hyper- 
bola. 

1st. Let the centre be the pole : then substituting 
r cos 6 for aj, and r sin for y, 
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in the equation (10) of the curve, the expression for the 
radius vector r, will be 

^ = ^'vZ-o 5-7; — ^ (centre for pole) . . . (1). 

0^ cos* 0—1 

2nd. Let the focus H be the pole ; then, HPorr = eaj4-a 
(page 100) ; but a5, measured fix)m the centre, = r cos 6 
— ae : hence by substitution, 

r=i6r cos 0— ae^+a, ,% (1— e cos 0)r = a(l— e^) 

... r = ^(^-^ ^1 (jocm H for pole) . . . (2). 
1— e cos 6 "^ '^ ^ 

3rd. Let the focus s be the pole : then sporr = ea5— a, 
and » = r cos B + ae; therefore by substitution, 

r =^ er cos O+ae^'-a^ /. (1—6 cos 6) r x a(e*— 1) 

,% r = ^V^ "^ ^ (/oct«« s for pole) . . . . (3). 
1— e cos 

In each of these three polar equations the angle 6 has its 
opening to the right, that is, the initial direction of the 
radius vector coincides with the positive direction of the 
axis of X : but if in the last case the supplement 0' of be 
employed instead of 0, then since cos 6 = —cos 6', the 
equation will be 

"^ l + ecos0' • • • ^^^- 

It may be noticed here, as a property common to all 
the conic sections, as the three curves — the ellipse, the 
hyperbola, and the parabola, are called, that a straight line, 
in whatever direction it be drawn, cannot cut the curve in 
more points than two : this arises from the circumstance 
that the equations of thesd curves are ea^h of only the 
second degree, and the equation of a straight line of only 
the first degree. If the expression for y in this lattet* equa- 
tion be substituted for that variable in the equation of any 
one of the curves, the result will be an equation of the 
second degree) in x ; which variable therefore can have 
but two values, so that the points of intersection of the 
straight line and curve — of aU of which points the values 
of a; in the equation of the second degree are the abscissas, 
cannot exceed two in number. 

f3 
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We learn from this that a chord in one branch of the 
hyperbola can never, by being prolonged, meet the other 
braDch ; and that a chord uniting the two branches can 
never, by being prolonged, meet either branch again. 

In the equation (2) above, the initial direction of the 
radius vector is the direction hb, and b is the point in the 
curve to which the r in that equation applies when = 0, 
that is, when cos 6 = 1; for this value of 0, the equation 
gives r = a(l + e) = a+ae = hb. As increases, by the 
revolution of r about the focus H, r continues to denote 
the radius vector of a point in this ftirther branch of the 
curve, till arrives at a value such that the prolongation of 
r meets the nearer branch, or the branch within which the 
focus H lies : as shown above, a line frt)m h, for this value 
of Oj cannot meet the opposite branch of the curve ; the r, 
therefore, then, and henceforward so long as r is part of a 
chord of the near branch, belongs to a point in that branch 

only: thus, put 6=90°; then (2), r = a(l-e«) = --, 

which we know to be the negative ordinate at the focus h 
(p. 104). 

We shall again advert to this subject when we come to 
speak of asymptotes. 



Equation of the Ta/ngent at am/ Point of the Hyperbola, 

Let (»', y') and («", y'') be any two points upon one of 
the branches of an hyperbola : the equation of a straight 
line passing through them is 

y-y' ^i^'^""^^ • • • (^)- 

And since the points belong to an hyperbola, their co- 
ordinates must fdlfil the conditions 

aY^-&V2= -^aH^ . . . (2), 
a^y"^-h^x"^ = -a2&2 ^ (3) 

Subtracting the third of these simultaneous equations 
from the second, we have 



ANALYTICAL GEOMETET. 107 



• • 



Hence by substitation in (1) the eqnation of the secant 

is 

Let now the two points (a/, y'), (a/', yf'\ by approaching 
closer and closer, nnite in die single point (a?, y') ; the 
secant will then become a tangent at (aj', y') ; its eqna- 
tion will therefore be 



y-i = -Q • rA^--^') • • • W* 



or a*y^y + h^a/x == —a* 6*, 



so that, as in the ellipse, the equation of the tangent at a 
point (aj', 2/') may be derived from the equation of the 
curve, by substituting y'y for y^, and aj'a? for aj*. 

The above equation, as might have been anticipated, 
differs from that for the tangent to an ellipse only m the 
sign of b^ ; and without any independent investigation, 
such as that here given, we might have safely deduced 
the equation of the tangent to the hyperbola from that to 
the ellipse by simply writing —6* for +6*. And in this 
way, without repeating the steps at page 78, we may at 
once write the equation of the tangent in the following 
different form, namely, 

From (4), the equation of the normal at the point (a/, /) 
of the curve is 

/ 5* a// i\ 

and from these equations the ezpressipns for the lengths 
of the tangent, subtangent, normal, and subnormal, may be 
deduced exactiy as in the case of the ellipse at page 79. 
These lengths are as follow : 
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Tangent pi= ^//££!^!!^+g(,'»_a»)} 

XonxuJ PK ^ ' \^(fi^^'^^a^). 

y^ fji 

Sublangeiit y T = - — ~ . 

SmfafnnmimlKK=:--y = (e*— l)z', /. DK = «'+5K = eV. 

This expTession for dk, the distance heiween the ceniare 
and the foot of the normal at the point (z^, y'), shonld be 
borne in remonbrance : it is the same expression whether 
the cnrve be the hyperbola or the eDipBe (see page 79). 



Properties of tike Hjfperbola m reference to its Principal 

Diameters. 

Theo&sx 1. — ^The squares of the ordinates are to each 
olher as the products c^ the parts of the prolonged prin- 
cipal diameter, included between those ordinates and the 
two ferlioes of the eurre;. 

The proportion at page 82 (Theorem 1), applies to the 
hyperbola^ when l^ is changed into —l^ ; or leading h^ 
unchanged, when x^a is substituted for a—x : therefore, 
in the hjperbottkj 

y* : (a+z)(z-a) :: 6» : a*; 

that is, y*, and the products of the distances (a+;?), and 
(x — a), of y from the two yertices, are always in the con- 
stant ratio of &' to a'. 

When & = a, that is, in the equilateral hyperbola, 
y^ = (a-\'x) {x^a) ; so that theu the pn^ierty is analogous 
to that of the circle. 

Thsobbm 2. — ^In different hyperbolas having a common 
iiunsTerse diameter, the subtangent for the same abscissa 
is always the same. For the expression for the subtangent, 
being independent of &, continues to be the sftme whaterer 
heUbe^eDgih of 2r,proyided only that a and ^ remain the same. 
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Theorem 3. — Tho normal at any point of an hyperbola 
bisects the exterior angle formed by one radius vector of 
the point and the prolongation of the other : and the two 
radii are equally inclined to the tangent at the point. 

By the Aindamental property of the curve, and the 
deductions from it (p. 100), we have 




PH— PS = 2a, 
and PH + PS = 2eaj'; 

e being put for - in the expressions referred to. By first 

adding, and then subtracting, we have 

PH = ea/+a, and pb = eaj'— a. 
Also, SK = DK — DS = eV*— ae = e^exf—a) = e.ps 
HK = DK+HD = eV + ae = e{ex! ■\-a) = e.pn 

H K PH 

• • —^ -~-a«HK « BK aa PH • PB. 

SK PS 

Therefore pk bisects the exterior angle formed by ps and 
the prolongation of HP. (Euclid 4, VI.). 

The focal distances ep, hp, are equally inclined to the 
tangent ; that is, the angles spt, hpt, are equal ; for ep is 
at right angles to the tangent ; and the former equal angles 
being taken from the equal right angles, leaves the equal 
angles HPT, bpt ; since hpt is equal to the oppo^te vertical 
angle. 

Problem. — To find an expressimi for the tangent of the angle 
between two lines d/ra/um from a/tiy pomt m the cv/rve of the 
hyperbola to the extremities of the hramverae diamster. 

It was shown at p. 90, that an angle (p) at any point of 

an ellipse, and subtended by the diameter 2a, had for its 

tangent the value — 

* Page 108. 
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tan p = _-"!_? --, in the ellipse. 






/. tan p = y--^—-^~^, in the hyperbola. 



As this expression is independent of osf, it must be the 
same for the point (— a/, y'), as for the point (+«', y'). 
Moreover, when y' is positive, that is, for every point p 
above the axis of x, the expression for tan p is positive : 
hence all the angles at the curve, which are subtended by 
the transverse diameter, are acute : they diminish as y' in- 
creases, and become when y' is infinite ; that is, when the 
point is infinitely remote. But as y' diminishes, that is, as 
the point p approaches nearer and nearer to the extremity 
of the transverse diameter, the tangent of the angle at p 
approaches nearer and nearer, in magnitude, to infinity ; 
and therefore the angle itself, to a right angle : hence the 
acute angle may be of any magnitude whatever within the 
entire rangle of acute angles, that is, within the extreme 
limits of 90** and 0°. As in the ellipse, the chords from 
the extremities of the transverse diameter, meeting in a 
point of the curve, are called supplemental chords. 

The tangents of the angles which these supplemental 
chords make with the axis of a;, being m, and m', we find, 
as in the ellipse (p. 89), that 

m = — ^, and w' = -^, .*• mm/ = -^ — 5. 
aj+a aj— a a?*— a* 

At the point (a/, j/), common to these meeting lines 
and the curve, we must have, from the equation of the 
hyperbola, 

-Tf — a= -J,; .•. wm' = -^ . . . (1), 

52 
or w' = -^ . . . (2), 

that is, the product of the trigonometrical tangents of the 
two angles formed by the twtnsverse diameter prolonged 
to the right, and any pair of supplemental chords, is con- 

stant, being always equal to— j. As this value is positive, 

Of 
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we infer that the two angles are always either both acute, 
or both obtuse ; acute when the point in which the supple- 
mental chords meet is on the right-hand branch of the 
curve, and obtvse when it is on the lefb-hand branch. 
K the hyperbola be equilateral, that is, if & == a, then 

mm! = 1, or m' = — ; so that the tangent of one of the 

m 

angles is the co-tangent of the other : the two angles to- 
gether must therefore make a right angle ; when they are 
both acute, or when the point is on the right-hand branch ; 
and they must together make three right angles when 
they are both obtuse, or when the point is on the left-hand 
branch. 



Properties of the hyperbola in reference to its conjugate 

dia/meters. 

By transforming the equation of the hyperbola from 
rectangular axes to oblique, the origin in each system being 
at the centre of the curve, we shall find, exactly as at 
p. 85, for the ellipse, that the general transformed equation 
will be, 

a^ sin* a'y^-\-2a^ sin a cos a'l 
— 6* cos* a! — 2&* cos a cos a'f^ 



-f a* sin* a 
— &* cos* a 



X 



* = -a*6* 



in which equation a, a', denote the angles which the 
oblique co-ordinates a;, ^, make with the primitive axis 
of X. In order that the term containing xy may dis- 
appear from this equation, the angles a, a'^ must be so 
related that 

a* sin a cos a'— 6* cos a cos a! = 0, 
or, dividing by cos a cos a', 

&* 

a* tan a tan a'— 6* = 0, or, tan a' = -y-- . , . (1). 

a* tan a 

The relation therefore between the two angles must be 
such that, one of them being chosen at pleasure, the other 
must satisfy this condition ; and this is the only restriction 
necessary : hence an infinite number of pairs of oblique 
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axes exist, each of whicli will render the equation of the 
enrve, when referred to that pah-, of the form 

(a* sin^ a' — 6* cos* a')y^+(a^ sin* a— &* cos* a)aj* 

= -a*&* . . . (2), 

or which is the same thing, 

(a* sin* a' — Z>* cos a')y*— (6* cos* a— a* sin* o)a;* 

= -a*6*. 

Now dividing this equation by a*&*, and then putting 

a*6* 



a'* for 



and 6'* for 



V^ cos* a — a^ sin* a 
a*6* 



a* sin* a' — l)^ cos* a" 
it will take the form 

oraV-&'^»^= -«'^*'^ • • -(3), 

which is the same as that of the primitiye equation of the 
curve, where the axes are rectangular instead of oblique (as 
here) and coincide with the principal diameters — a con- 
clusion we might have arrived at by simply changing 
&'* for — &'*, in the corresponding transiormed equation of 
the ellipse (p. 87). 

Since for a? = in (3), we have y = + /v/— &'* 

= +6V-1, 
and for 2/ = in (3), we have « = +«', 

it follows 1st that it is impos- 
sible for the curve to meet the 
new axis of y ; and 2nd, that 
it crosses the axis of x at two 
points « = «',«= —a', equi- 
distant fipom the centre 0. As 
2/ is at each of these points 
(b' and a'), we infer that paral- 
lels to the axis of y, through 
b' and a', must be ta/ngents to 
the curve at those points. 

It also follows from (8), 
that for every oj, whether posi- 
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tive or negative, which, in absolute magnitude, exceeds a', 
there are two values of y, equal but of opposite sign ; and 
that for every aj, which, in absolute magnitude, is leas 
than a'^ the corresponding y is imaginary ; that is a parallel 
to OY, drawn through any point between a' and b', never 
meets the curve, the two branches of which therefore 
wholly lie, one to the right, and the other to the left, 
of the interval between the tangents to the curve at a' 
and b'. 

Since there are two equal and opposite ordinates for every 
abscissa to the right which exceeds ob', and for every 
abscissa to the lefb which exceeds oa', it follows that the 
axis of X bisects all the chords drawn parallel to the axis of 
y. And, moreover, since from the same equation (3) there 
are two equal and opposite values of x for every value of y, 
the axis of y must bisect all the chords drawn parallel to 
the axis of x : — ^these latter chords unite the two distinct 
branches of the curve ; they all traverse the separating 
interval between them. A length equal to 6', measured 
from on the axis of ?/, is called the second diameter to the 
diameter a'b'; the two together are oblique conjugate 
diameters ; and the equation (3), without any restriction as 
to whether the conjugates are rectangular or oblique, is the 
general equation of the hyperbola in reference to a pair of 
conjugate diameters (2a', 2&'), taken as axes, the origin 
being at the middle of 2a'. We see from the conditions 
(2) and (1) pp. 110, 111, that a pair of diameters drawn 
parallel to a pair of supplemental chords are always con- 
jugate diameters ; and of every pair of these, as we have 
just seen, one only is a tratisverse diameter, that is, one only 
has its extremities on the curve : the other is a second 
diameter : it never meets the curve however far it be pro- 
longed. And as we have seen that the angle p between 
supplemental chords diminishes more and more, as p be- 
comes more and more remote, approaching continuously to 
zero, it follows that the angle between a pair of conjugate 
diameters, in like manner, approaches nearer and nearer to 
evanescence, or ihe diapieters themselves nearer and nearer 
to coalescence, as b', the extremity of the transverse, be- 
comes more and more remote ; and that there is no limit 
to this approximation to actual coincidence. 

Just as at p. 110, it was shown that mm'^^ — ^ ao \ja3i7j ^^ 
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with the traiLSYerse, mnst ultimately coalesoe with it, the 
angle between them haying gradnaUj diminished down to 
zero. 

This is a peculiarity that distinguishes the hyperbola 
from the eUipse in a very marked manner, and thus implies 
certain properties of the former curve to which those of 
the eUipse • bear no analogy, although most of the other 
properties are common to both curves, or at least are strictly 
anal<^'>us. We shall now proceed to investigate these 
peculiar properties of the hyperbola. 

The equation of the hyperbola, referred to its principal 
diameters as axes, being 

y* = — (x^'-a^)y we have jf = + - %/(«*—«*), or 

a* 
Now the more x increases, the more the fi^ction - - dimin- 

ishes ; so that the corresponding values of y approach nearer 

and nearer to the extreme values y = + - aj, which how- 

a 

ever cannot be actually attained, siace they imply a value 

infinitely great for a*. Of the equations 

y=±^a! . . . (l),y=+^-xVa--^)- ■ • (2) 
a a x^ 

the first is that of a straight line drawn fi?om the centre of 
the curve represented by the second equation ; and since, 
for the same abscissa, the difierence between the ordinate 
of the straight line and the ordinate of the curve becomes 
less and less, as the abscissa increases in magnitilde, and 
vanishes altogether when the abscissa becomes infinite in 
length, but not till then, we conclude that the straight line 
(1) approaches nearer and nearer to the curve (2) the 
ftirther it is prolonged from the origiu, or centre of the 
curve ; and that although the interval between the straight 
line and the curve (in the direction of y) becomes even- 
tually less than any finite interval that can be assigned — 
however small this may be, yet it can never wholly dis- 
appear ; that is, the straight line can never actually meet 
tlie carve. 
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Hence, if through the origin o two straight lines kl, mn, 
be drawn, of which the equations are 

& , h 

y = - aj, and 2/ = — oj, 
d a 

that is, such that 

tan KOB = -, and tan mob = — - . . . (3), 
a a ^ ' 

the latter angle being the supplement of the former, these 
two lines will continually approach nearer and nearer to 
the curve the further they are prolonged, and yet can 
never meet the curve within any finite distance from o, in 
whichever direction from o that distance be measured ; that 
is, whether the supposed point of meeting be (a?, y), or 
(— aj, I/), or (a;,— ^), or (— a?,— ^). These two lines are 
called the asymptotes of the hyperbola ; it is plain that they 
embrace both branches of the curve, and embrace them so 
closely that they form the boundaries of separation be- 
tween all the transverse diameters of the curve, and all the 
conjugates to these : — every straight line drawn from o 
within the angle k on, or mthi/ti the angle mol, meets the 
curve; whilst every straight line drawn from o, without 
both these angles, that is within the angle mok, or LON, 
proceeds onwards in both directions free of the curve. 

All these inferences are fully justified by the equations 
(1) and (2) at p. 116 : we have sufficiently seen that the 
straight line or fines (1) can meet the curve (2) only at a 
point infinitely remote, or for which a? = oo ; but if (l) were 
replaced by the line y = m'xy in which m' is numerically less 

than -, there will always be a point (or rather two points) 
a 

common to both the line and the curve, that is, a point for 

which the co-ordinates a?, y, for the straight line, are the 

same as the co-ordinates for the curve; for it is obvious 

that m', being less than -, such a valine may be given to », 

a 

that will render 

i^(i-i:)=w.»^,(i-g)=.- 

and therefore the y, correspondijig to this value of a; in the 



m'* = — , the straight line, as we ahready know, becomes 
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straight line, must be equal to the y corresponding to the 
same value of x in the curve. By solving the above equa- 
tion, we find the expression for x^ to be 

l-^_m'2 l--m'2 

so that the two values of x are always reaZ, inasmuch as 

52 

that m'^ being less than ., the denominator of this frac- 
as 

tion must always be pottitive. In the extreme case of 
,2 « hj 

an asymptote ; x then being infinite. If m'^ were greater 

than -=, the denominator would be negative, and x would 
a* 

be imaginary. 

From a mere inspection of the curve, it is obvious that 
a line drawn paraUel to an asymptote will cut the curve 
in one point, and in one point only : but we may prove 
this as follows. 

The equation of the curve, and the equation of a parallel 
to the asymptote are 

y^ = -jCaj^— a^), and 2/ = +-x-\-h , . . (1), 

and therefore, at the point or points of intersection of the 
two, we must have 



aj« 



in which equation x has but one value, and consequently y 

but oae value, when the coefficient of inclination in (1) is + -, 

a 

and also but one value when the coefficient is — - ; hence 

a 

there is but one point of intersection. 
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An asymptote may be regarded as the ultimate or limit- 
ing position of a tangent to the curve, the point of contact, 
in this ultimate position of the touching line, being infi- 
nitely remote. For if in the equation of the tangent 
at a point (a/, y') of the hyperbola, that is, in the equation 

ayy-6Vaj = -.a«62, we put 2/' = -«'+ V'Tl- J^), 
it becomes a?y -a/v' M— _j— 5 Vaj = — a^6^, 

Ob \ aj y 



ay 



.(,_i;)-», = -»jf, 



, or 
a^ 



T 7 

and this, when a;' =s cx) , gives y v^l = - * ; or y = + -»; the 

equation of the asymptotes ; so that when the point of con- 
taijt, (aj', 2/0 > ^s infinitely remote, the tangent becomes an 
asymptote. 

If the hyperbola be equilateral, that is, if a = 6, then, 
(3), p. 117, tan kob = 1 (See the diagram at p. 115), and 
tauMOB = —1; therefore KOB = 45°,andM0B = 90°+45°: 
hence, in this case the asymptotes are at right angles to 
one another ; on which account, the equilateral hyperbola 
is frequently called the rectangula/r hyperbola. 

In what has preceded, respecting the asymptotes of an 
hyperbola, the principal diameters of the curve have been 
taken for axes of reference ; but as the form of the equation 
of the curve, as also that of the equation of any straight line 
from the centre, is the same, whether the axes of reference 
are the principal diameters or any other pair of conjugates, 

it foUows that y = +—,x will be the general form for the 

— a' 

equations of the asymptotes. 

If we put here aj = +a', we shall have for y, the values 
2/ = + 6, and y = — &, consequently the tangents, Tt, if if, 
are each equal in length to the diameter 26' or c'd', which 
is the conjugate to 2a' or aV. It follows, therefore, that 
the vertices T, t', t, <', of the inscribed parallelogram whose 
sides are parallel and equal to any pair of conjugate dia- 
meters a'b', c'd-, are all on the asymptotes, and that each of 
the four sides is bisected by the conjugate to that diameter 
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to which it is parallel. It has already been seen (p. 115) 
that each of these inscribed parallelograms is equal in 
snrface to the rectangle of the principal diameters. 

From what has just been said, we see how easy it is, 
when the position of the asymptotes OT, ot' is given, to 
draw the conjugate to any assigned transverse diameter 
a'b': all that is requisite is to draw a tangent T^ to the 
curve at b', and then a line c'd', through the centre, parallel 
to T^, making oc' = od' = b't. 



The Hyperbola referred to its Asymptotes as Axes. 

The equation of the hyperbola, referred to its rectangular 
diameters as axes, is 

ahj^—h^x^ = — a^6*, 

and to transform the equation from these rectangular to a 
pair of obHque axes, we must substitute (p. 66) 

X cos a-\-y cos a' for x, and x sin a + y sin a' for y ; 

we thus get, as at p. Ill, 

a^ sin^ a'.y^-\-2a^ sin a sin a' 
— &* cos^ a'j —26^ cos a cos o'^ 

+ a^ sin^ a x^ = —a^b^ . . . (1). 
— &^ cos^ a 

Now let the new axis of x be that asymptote ok which 
makes the acute angle a with the principal semitransverse 
a, the other asymptote, cm, making the obtuse angle a', with 
that semitransverse, being the new axis of y : these angles 
are evidently so related that 

tan a = -, and tan a! = — . 
a a 

Moreover, since in a right-angled triangle, the sine of the 
base angle is equal to the perpendicular divided by the 
hypotenuse, and the cosine equal to the base divided by the 
hypotenuse, we have 

b a 
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sin a' = = — r-sr-, cos a'= 



.% a^ sin^ a— &2 cos^a = — 5 — =^-— = 

a^ + l^ 

and also a« sin^ a' - &« cos^ a' = ^^^!""f!^^ = 0. 

a2 + 62 

Hence, when referred to the asymptotes, both x^ and y^ 
are absent from the equation of the curve ; so that the term 
in xy is the only term involving the variables. The coefficient 
of this term, as appears from the above relations, is 

2(a« sin a sin a'-&2 cos a cos a') = 2{-^-^Jr -^^-^^, 

Consequently, the equation (1), under the above con- 
ditions, is simply 



4a2&2 



xy = — a*o*, or ajy = ^j — , 



from which we see, since the right-hand member of the 
equation is necessarily negative, that every point in the 
curve, when referred to ok as axis of », and oh as axis of y, 
must have its co-ordinates of opposite signs. And upon 
inspection of the curve we see that, with these axes of 
reference, every positive x has a negative y, and every nega- 
tive », a positive y. It is better therefore to interchange 
the axes, and not only so, but to regard ON as the axis of 
positwe abscissas, ok being the axis of positive ordinates: 
the equation then becomes 

aj2/ = — J— ... (2) 

and the right-hand branch of the curve is embraced by the 
axis of positive abscissas, and the axis of positive ordinates, 
K we had at first taken on for the new axis of », andOKfor 
the new axis of y^ the angle BON = a would have been 
negative : it is equal in magnitude to the positive angle 
BOK = a': hence the formidas of transformation marked 
(2), at page 56, become in this case simply 

G 
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for X, (« + 2/) ^^s a, and for y, O/—*) sin a 
because cos ( -o) = cos ( + a), and sin ( — a) 
= —sin (4-a) ; also a' =: —a. 

Substituting these values in the primitive equation 

the transformed equation is 

a^(y^xy sin^ a—h^^x+y)^ cos^ a = — a^5^. 
But, p. 120, 



sm* a = — TT — ^^, and cos^ a 






•• a2 + &2 ^^ ^ a^ + 6^ 

that is, — 4 ^^ »2/ = — ^^^^5 

•• ^2/ = -^— > 

the equation of the curve when referred to its asymptote9| 
ON, OK, taken for the ax§s of a? and y respectively. 

It follows from this equation that the rectangle xy, of the 
co-ordinates of any point in the hyperbola referred to its 
asymptotes is a constant quantity, however remote the point 
(a?, y) may be ; and hence the following remarkable properties 
of the curve. 

Theorem 1. — ^All the parallelogi'ams op, op', op", Ac, 
having o for a common vertex, the sides from o being on 
the asymptotes, and the opposite vertex of each parallelogram 
on the curve, are equal in area. 

For the area of any parallelogram op, or op', &c., is the 

rectangle of the two sides 
from multiplied by the 
sine of the angle formed 
by the asymptotes; that 
is, the area of each paral- 
lelogram, indifferently, is 
a^ sin ; and we have just 
seen that 




X 
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a2 + 52 



ysmo = — ^ — sino. 
4 



Hence the parallelograms are all equal in area. 

This constant area is half the rectangle of the principal 
semidiameters. For a^ + ll^ = AC^.and ac = ad, because 
oc = OD. (See Diagram, p. 127). 

.•.a2+62= AC . AD, Z.^^^' sin = ^-^ . ^ sino ; 

4 2 2 

and since the angle = the angle cad, this last expression 
is the area of hatf the triangle cad, that is, of the triangle 
c AO, the area of which is also ^ Ao . oc, or -J^ a . 6. 

Theorem 2. — ^The triangle ot^ (in the diagram at p. 115), 
cut off by any tangent to the curve, is always of constant 
area, and equal to the rectangle of the principal semi- 
diameters. 

For the triangle otMs equal to half the parallelogram 
tc'd'^, and this is half the parallelogram Ttt'T', which 
parallelogram is of constant area so long as the adjacent sides 
of it tt', T^, included between the asymptotes, are parallel 
to a pair of conjugate diameters : hence the area of the 
triangle ot^ is constant. Since the triangle is a fourth 
part of the inscribed parallelogram, the area of it is equal to 
a fourth part of the rectangle of the principal diameters, 
that is, to the rectangle of the principal semidiameters. 

Theorem 3. — If any chord j^p" be drawn, and produced 
both ways till it meet the asymptotes in t and if, the inter- 
cepted portions tp^ ^p", mil always be equal. 

Let jjp'' be any chord produced to t, i!y and tt', a tangent 
parallel to it; then om, through p, as it bisects tt^, bisects 
also not only tify but likewise j?p" : hence the intercepts pt^ 
p"^, between the curve and the asymptotes, are equal, in 
whatever direction the line ^^ be drawn. 

Theorem 4. — ^If a straight line be drawn through any 
point p in the hyperbola, and terminating in the asymptotes, 
the rectangle or the two parts of it, between the point and 
the asymptotes, will be efqual to the square of that semi- 
diameta! to which the line is parallel. 

Let the curve be referred to the conjugate axes a\ &', of 

which 5' (oroc') is parallel to the straight line sps' through 

p. Putting X for the abscissa of p, the ordinate of it is 

o2 
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(JL 

whilst the ordmate of s is -^ « (p. 119), 

V y 
a' a' 

and PS' = -' a; +-' VCx^-a'^) 

a' a' ^ ^ 

/. SP. PS' = h'^. 

Note. — Since, by Theorem 3, p s = p' s', in 
whatever direction the line through p be 
drawn, it follows that when the asymptotes 
and but a single point p in the curve are 
given, as many other points in the curve as 
we please may be found ; for if firom am/y line sps', we cut 
off s' p' = PS, p' will be a point in the curve. And in Kke 
manner, from lines drawn through p', may points in the 
upper arc be found. The intercepts are still equal when 
the chord unites hoth branches of the curve. 

Problem. — To find the equation of the tangent to an Tiyperholay 
when the curve is referred to the asymptotes as axes. 

As in the former cases, let us furst consider the secant or 
line passing through two points of the curve (a/, y^), and 
(aj", y") : &ere must then exisl the two equations 

y-y'^iE$.(^-^) ... (1) 

a/2/' = a/y', ora/y-a/y^rsO ... (2) 

Kto this second equation we add the identity— a/y"+a/y" 
= 0, it will take the form 

«'(3/-y")+y"('^-a'") = 0, .-. ^', = - ^. 

Hence, by substitution, the equation (1) is 

yf/ 

y-y' = - ^ C*-*')* 

which when 3/= a/', and consequently 2^= y", that is, when 
the two points coalesce, and the secant becomes a tangent, is 
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the equation of the tangent at the point (a/, y'). Or, multi- 
plying by a/, and transposing, 

aj'2/+2/'a5 = 2a/y' = ^^(p.l22) ... (3) 

The co-ordinates x, y, denote, of course, the co-ordinates of 
any point, indifferently, in the touching line : if we fix one 
of these points, denoting it by (xu i/i), then the equation 

2/i«+»iy=— |-- ... (4) 

will be the equation of a straight line passing through the 
point of contact (a/, i/'), of the tangent drawn from the 
external point (o^i, yi) : for it is the equation of some straight 
line, and it is satisfied by the values a/, y\ the co-ordinates 
of the point of contact in (8) : and if a second tangent be 
drawn from the same external point (a^i, yi) to another 
point of contact (»", y"), the first member of (3) would be 
x"y-\-y"Xj and the equation (4) would also be satisfied for 
X = x"^ and y =: 2/'', the co-ordinates of the second point of 
contact : hence the straight line (4) passes through both, 
and is therefore tJie chord of contact. If then the straight 
line, of which the equation in reference to the asymptotes, 
is (4), be constructed, it will pass through the two points 
in which the two tsuagents from (xy^ yO will touch the 
curve. 

To find the analytical expressions for the co-ordinates of 
these points of contact, we must solve the simultaneous 
equations 

a2 + &* 
2/i«+«iy = — 2" » 

a2 + &2 

By putting h^ for the second member of thiff last equa- 
tion, we shaU find the values of x and ^, for the points of 
contact, to be 

^ ^h^hVQ^^-x^yO 



y = 






h±V(Jc^'-Xiyi) 
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Should the point (xi^y^) be upon the cunre itself, then 
wonld Xiyi = k^; and these expressions wonld become 
X = Xij and y = yi; as we know they ought to be, the two 
tangents being ilien but one continued straight line; the 
points (xi, yi), and (a/, y^), are identical; and the equation 
(4) is the same as the equation (3). 

If the co-ordinates of the external point haye the same 
signs, and it were possible that the rectangle of these co^ 
ordinates could exceed k'^, the co-ordinates of the points of 
contact would be imaginary ; so that a tangent from the 
point (^1, 2/i) could not be drawn. But it is not possible, 
Xi,yi being bothpositiye, or both negative, that Xi yi should 
exceed k^. For in order that the signs of the co-ordinates 
of the point may be the same, the point must be situated 
withm the angle which includes one of the branches of the 
curve, as is obvious &om inspection ; and for a tangent to 
be drawn from it, it must be between the sides of this angle 
and the curve; if one of these co-ordinates (say y{) be 
prolonged to meet the curve, and we put I for the prolonga- 
tion, the co-ordinates of the point of meetii^ will be aj^, and 
y\ + ly and since the rectangle of these is only h^^ the rect- 
angle Xi yi must always be less than k^ ; of course Z is to 
be taken with i^e same sign aayi^ii being the prolongation 
ofyi. 

The foregoing expressions, titierefore, for x and y^ the co» 
ordinates of the two points of contact, must always be realj 
seeing that whenever the product ajj yi is phSj it must be 
less than k'^ ; so that, let the external point be wherever 
it may, two tangents to the curve may always be drawn 
from it. 

It may be noticed here, that, frt>m the equation of the 
curve xy = k\ we see that there can be but one ordinate 
to the same abscissa^ and but one abscissa to the same 
ordinate ; frx)m which we infer, as indeed was otherwise 
proved at page 118, that a parallel to either of the asym- 
ptotes cuts the hyperbola in a single point only. 

Problem. — To find the locus of the extremities of the conjugate 

diameters of an hyperbola. 

It was shown at page 112, that the square of any semi- 
conjugate diameter h' is 
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6'a = 



aH'^ 



a^ sin* a'— i* cos^ a' 



(1) 



where a' is the inclination of &' to a ; so that patting x, y, 
for the rectangular co-ordinates of the extremiiy of 6', tb6 
axes of reference being a, h, we shall have 



sin a' = ^, 



h'' 



cos a' = ?j. 





Snbstitntinff these values in the expression for 5'* in (1), 
and then dividing by 6'^, there results 

This is obviously the equation of an hyperbola whose prin- 
cipal semidiameters are b and a; b being the principal 
semitransverse, and a the principal semiconjugate. 

The locus is therefore an hyperbola, in which all the 
transverse, or real diameters 
are the second, or imagmary 
diameters of the original hy- 
perbola. It is situated in re- 
ference to this latter as in the 
annexed diagram, and the two, 
thus connected, are called cim^ 
jugate hyjperbolas : they have 
the same asymptotes in com- 
mon.* For tiie tangents of the 
inclinations of the asymptotes 
of the primitive hyperbola to 

its principal transverse diameter, 2a, are+ - ; and the tan- 
gents of the inclinations of the asymptotes of the conjugate 

a 
hyperbola, to its principal transverse, 26, are +- : but these 

two diameters, 2a, 2b, are at right angles to one another, 

and r- is the reciprocal of - ; so that what is tangent, in the 
a 

* Of course the diagram is correspondent to that above when it is 
constructed in reference to oblique conjugates instead of rectangular 
conjugates ; the inscribed parallelogram being then oblique. 
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one case, is cotangent in the other : hence, if a be the in- 
clination of either one of the asymptotes of the primitive 
hyperbola to a, the complement of a will be the inclination 
of the corresponding asymptote, of the conjugate hyperbola^ 
to h ; consequently, these two asymptotes must coalesce ; 
and thus the two hyperbolas have but one pair of asym- 
ptotes. 

It is obvious, too, that a straight line through the ex- 
tremity c of any second diameter of one hyperbola, and 
parallel to the transverse to that diameter, is a tangent to 
the conjugate hyperbola at the point c ; and that the inscribed 
parallelogram adverted to at page 115, always has its four 
sides in contact with the four branches of the conjugate 
hyperbolas, each side being a tangent ; and that the four 
vertices of the parallelogram are upon the asymptotes. 

We shall merely ftirther observe, that the four foci are all 
equidistant &om the common centre o, the expression for 
the square of this distance, whichever hyperbola be taken, 



a' 



Examjples for Exercise, 

1. If a normal be drawn through any point of an equi- 
lateral hyperbola, the part of it intercepted between the 
principal axes will be bisected at the point ; but if the 
hyperbola be not equilateral, the parts are to one another 
as the squares of the pnncipal diameters. 

2. Prove that the locus of the extremities of perpendicu- 
lars from the foci of an hyperbola upon tangents to the 
curve is a circle. 

3. If tangents be drawn at the extremities of any focal 
chord, prove that they must intersect on the directrix, or the 

line whose equation is a; ^ -. 

e 

4. Prove that a straight line drawn from the focus to the 
intersection of the tangents in last example is perpendicular 
to the focal chord, 

6. If two chords in an equilateral hyperbola intersect one 
another, prove that the rectangle of the segments of the one 
wj]] he equal to the rectangle of the segments of the other. 
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6. If at the extremities of any transverse diameter a'b', 
tangents be drawn, and these meet a third tangent to the 
curve in t and ^, prove that the rectangle aY . b'< = h'\ 

7. Prove that in an eqailateral hyperbola a pair of focal 
chords parallel to a pair of conjugate diameters are equal* 

8. If an ellipse and an hyperbola have the same centre 
and the same axes, 2a, 25, prove that the equal conjugate 
diameters of the ellipse will be upon the asymptotes of the 
hyperbola. 

9. Two tangents are drawn to an hyperbola, and the 
points where they cross the asymptotes are joined : prove 
that these joining lines are pandleL 

10. The angle (6) between the asymptotes, and a point 
(^) y')^ ^ ^® hyperbola, being given, to determine the 
principal semidiameters of the curve. 

Ans, a = 2 cos ^ d ^x'y\ 6 = 2 sin ^ A/a/y'* 



Section X.— ON THE LOCI OF EQUATIONS OF THE 

SECOND DEGEEE. 

The equations of the curves discussed in the three pre* 

ceding sections have each been deduced from the condition, 

or law, which regulates the generation or description of the 

curve ; and we have seen that, in each case, the equation 

which, in an algebraical form, embodies llie distinctive 

peculiarities of the curve, is of the second degree. On this 

account the come secUonSf as these curves are called, are 

said to be aurves of the second order. But although, as we 

have thus seen, the conic sections may each be analytically 

represented by an equation of the second d^ree, it remains 

stni to be ascertained whether, conversely, an equation of 

the second degree, with two variables, must necessarily 

represent a conic section, whenever it represents any curve 

at aU. This qualification is necessary, because an equation 

of the second degree may be but the product of two equations 

of the first degree ; and may therefore be the algebraical 

representation of two straight lines merely, or indeed of 

only a single straight line ; for the component equations of 

the first degree may be identical, each representing one and 

the same straight Ime. 

a3 
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When, therefore, it is stated that every eqaatioiL of the 
second d^ree involving two variables, ieand ^, must of 
necessity be the analytic^ representation of one or other of 
the three curves abeady discussed, the statement is to be 
understood as implying that no cwrve which is not one of the 
three conic sections can possibly be the locus of the point 
(Xy y) ; and that when the equation instead of representing 
one of these curves characterises only a straight line or a 
pair of straight Hnes, the circumstance can arise only from 
some special relation having place among the coefficients of 
the equation. 

It is now our business to examine into this matter ; and 
to prove that when any equation of the second degree, with 
two variables, is not in the peculiar predicament adverted 
to above, that is, when its constitution is such that no 
siradght Hne is represented by it, it must be the equation of 
a conic section, and can never be the algebraic^ repre- 
sentation of any other curve whatever. 

The proposed investigation will consist of three distinct 
divisions : it will be proved — 

FmsT, that every equation which corresponds in form to 
one or other of the equations known to characterise a conic 
section can be the idgebraical representation of no other 
carve except that one. 

Secondly, that of whatever form the proposed equation 
may be, it may always be transformed into another agreeing 
wiuL that of a conic section ; and — 

Thibdlt, it will be proved that in every equation, the 
particular one of the three curves represented, may always 
be ascertained by examining the relations among the co- 
efficients of that equation. 

1st. To determme the locus of the equation when of the 
form 

jiLy^+^x^ = F . . .(1), or2/' = Q» . . .(2). 

The first of these agrees in form with the equation of the 
ellipse or with that of an hyperbola : the second equation 
corresponds with that of a parabola ; and it is now to be 
shown that (1) necessarily represents an ellipse or an hy- 
perbola, whenever it represents any curve at all ; and that 
(2) applies to no other curve but a parabola. 
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P P 

III the equation (1) put a* for -, and h* for - ; then we 

N M 

P P 

shall have n = -=, m = — ., and for the equation (1), 






which we know to be the equation of an ellipse when a', 
and h^ are both positive, and the equation of an hyperbola 
when one of these quantities is positive and the other nega^ 
tive. If it be a^ that is negative, the hyperbola, which in 

that case is represented by -j**"" ^2^^ = ""!> ''^ ^ ^ 

conjugate to the hyperbola represented hj to^*"^-!** 

s= — 1, the equation when 6* is negative. 

I^ however, p alone is negative, m and n being positive, 
then the equation has no geometrical signification; for 
since, in this case. 






we see that for every real value of the abscissa x, the ordi- 
nate y must be imaginary ; so that no real locus exists. 
But if P is zero, h and n being still positive, the equation 
will represent merely a point, namely, the point (0, 0), the 
origin of the co-ordinate axes : this poin^ and the circle 
which (1) denotes when h = n, and p positive, are called 
the vomeUea of the ellipse. ^ 

If when p is zero one of the two coef&cients, i^ for instance, 
is negative, the other coefficient h being positive, the equai> 
tion gives 

2/ = + \/ - «, that is, y = + - aj. 



M a 



which we know represents the asymptotes of the hyper*- 
bola 

Hence under these conditions as to the coefficients m 
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equation (1), that is, when p = 0, and either M or n nega- 
tive, and the other positive, the curve which, for any signi- 
ficant value of P, would be an hyperbola, degenerates, in 
this extreme case of p zero, into a system of two straight 
lines passing through the origin ; the equations of these 
straight lines being 

y VM+aj>v/N = 0, and y-v/M— aj-/N = 0. 

This system of two intersecting straight lines is a vwriety 
of the hyperbola. 

We may notice here that an infinite number of difierent 
hyperbolas may all have the same asymptotes ; for the 
equation 

ay —62^2 — —a%\ being that of an hyperbola, 

so also is (wa)y — (it&)^aj* = ^(na)\nhy ; the principal 
semidiameters of the former being a, &, and the principal 
semidiameters of the latter na^ nh. In the one curve the 
equations of the asymptotes are 

h I 
y z= -x,y= x: 

a a 
in the other, y = — x, y ^ x: 

which pairs of equations are identical. As n diminishes 
j&om n = 1 towards n = 0, the semidiameters na, nh, ap- 
proach nearer and nearer to zero ; and the curve ultimately 
degenerates into the two straight lines which, up to this 
Gz&eme limit, had been the pair of asymptotes common to all 
the varying hyperbolas ; just as the varying ellipse degene- 
Tates into a circle, and then this circle into a point. And 
hence the propriety of calling the circle and point va/rieties 
of the ellipse ; and two intersecting straight fines a variety 
of the hyperbola. 

As to the equation (2), we at once conclude, from its 
form, that it represents a parabola ; the constant Q being its 
principal parameter. Even if q were negative, the con- 
clusion would be the same ; only in this case, the equation 
would imply that the curve is situated on the negative side 
of the axis of y ; the abscissa of each point in it being 
negative. 
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The smaller Q becomes, the closer do the portions of the 
curve — ^the one portion above, and the other portion below, 
the axis of x — approach one another ; till at length, when q 
vanishes, the two portions coalesce and become confounded 
with the axis of x. This single straight line is therefore a 
va/rieiy of the parabola. 

There is another variety of this cnrve : suppose the origin 
of the axes to be moved forwards in the positive direction, 
the parabola itself remaining fixed ; or, which is the same 
thing as respects the relative positions of the axes and 
the cnrve, suppose the vertex of the curve to be moved 
along the axis of x^ in the negative direction, to a distance 
h from its original position : the equation of the curve will 
then be 

y^ = Q(«+A;) = QJb+qA;, 

which, whatever be Q and A;, characterises a parabola, except 
the relation between these arbitrary constants be such tbat 
the curve degenerates into one of its varieties. 

Let the distance h of the vertex of the parabola be taken 
greater and greater, and Q smaller and smaller, but always 
so that the rectangle (^Tc may remain constant. In order 
to this, it will only be necessary that any two values A;, A/, 
be related to the contemporaneous values Q, q', so that 

A; : A/ : : q' : Q, for then A/q' = A;q = k, 

E will thus be a constant quantity, and the equation of the 
parabola will be y^ = Qaj+K, which, when Q has continu- 
ously diminished down to zero (and consequently h has 
become infinite) merges in the equation 

y^ = K, /. y = //K, or y = + \/K, and y = — V^; 

that is, the parabola degenerates into a pair of straight 
lines, parallel to one another, and equidistant from, the axis 
of X. And these two straight lines unite in a single hne, 
the axis of a;, when e is zero. 

We thus see that the equation i/^ = q;» always represents 
either a parabola or else one of the varieties of a parabola^^ 
a single straight line coincident with the axis of », or a 
pair of straight lines parallel to, and equidistant from, the 
axis of X. 
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2iid. To determine the locus when the equation is un- 
restricted inform. 

We now proceed to prove that the locns of every equa- 
tion of the second degree, containing two variables, x and y, 
can be no other curve than one of the three curves already 
considered. The truth of this will be established provided 
it be shown that the general equation 

Ay^ + Bxy + Cx^+J)y'\'i^x+F = . . . (1) 

may always be transformed into another either of the 
form 

My*+Naj^ = P, or of the form y^ ^ qx, 

by merely changing the axes to which the locus (1) is 
referred. 

The completeness of the proposed proof will not be im- 
paired if we regard the axes to which (1) is referred as 
rectangulwr axes ; since if they were originally oblique they 
might have been replaced by rectangular axes, and it is 
impossible that the resulting transformed equation could 
contain any terms in which the general equation (1) is 
deficient. 

I. To tromsform the equation (1) into (mother in vrhich the 
prod/uct of the variahles shall be absent 

For X and y in the equation (1) substitute, respectively, 
X cos a—y sin a, and x sin a+y cos a . . . (2) 

by means of which substitutions we pass from one system 
of rectangular axes to another system also rectangular, 
the origin remaining undisturbed. The coefficient of xy, 
in the resulting transformed equation, will be found to be 

2 a sin a cos o+B cos^ a— B sin^ a— 2 c sin a cos o. 

Consequently if the angle a, through which the original 
rectangular axes are to be turned, be so determined that this 
coef&cient may become zero, xy will disappear from the 
equation of the locus when referred to the new axes. 
The equation for determining the proper value of a is 
therefore 
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2(a— c) sin o COS a+B(cos^ a— sin* a) = 0, 
or (a— c) sii^ 2a + B cos 2a = 0, 

which implies the condition tan 2a = ; so that if in 

^ c— A 

the fommlas (2) we give to the angle a a value such that 
the tangent of the double of it may be the number , 

C""*A 

no term containing xy can appear in the transformed equa- 
tion. Hence by turning the rectangular axes through 
this angle a, the equation of the Iocub will be of tibe 
form 

My^+Nx^+ny+sx+F = . . . (3). 



n. To transform the equation (3) into (mother in uMch the 
first jpower of the variables shall he absent. 

This transformation is efiEected by simply shifting the 
origin of the axes, without disturbing their directions. In 
order that the origin may be removed from the point (0, 0) 
to the point (a, &), we have only to substitute x-\-a for oj, 
and y+hiovy'y and with these substitutions the equation 
(3) is transformed into 

My*+Naj2+(2M6+R)2/ + (2Na+s)aj-p = 0, 

where — P is put for the aggregate of the quantities inde- 
pendent of the variables. 

Now in order that the terms containing y and x, in this 
equation may disappear, we have only so to determine the 
arbitrary constants a, 2>, that the two conditions following 
may be satisfied, namely, the conditions 

2M&+B = 0, and 2Na + s = 0, 
/, & = , and a = . 

M N 

It follows, therefore, that by fixing the values of the 
three disposable constants a, a, and &, so that they may 
conform to the three conditions, 
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the equation (1) becomes transformed into the equation 

uy^+nx^ = p . . . (4) 

provided, that is, that neither m^^ nor No;^ has disappeared 
:from the transformed equation (3). 

Suppose, however, that one of these terms is absent from 
(3), as for instance the term Nx^y then n would, of course, 
be absent from the subsequent transformed equation, and 
the coefficient of a; in that equation would be simply s, the 
same as in (3) itself; and this, being a definite constont, we 
are forbidden to equate to zero. If therefore the term Bx 
be not absent &om (3) as well as the term nx^, it cannot 
be removed from the transformed equation ; no disposable 
constant (as the constant a) can in this case enter the co^ 
efficient of x ; the disposable constant a does, however, enter 
the absolute term (— p) of the transformed equation ; for 
this tennis 

— p = M6^+E& + sa+F, which, equated to zero, gives 

M&2 + R& + P 

and with this value of a, and the value determined above for 
h, namely, & = — -, the resulting transformed equation is 

M 

a 

My* + S» = ; or putting Q for , y^ = Q«. 

In like manner if Mt/^ had been absent from (3) instead 
of Naj^, the transformed equation would have been 

N oj^ + R 2/ = 0, or putting q' for — , y^ = q'oj. 

We cannot assume that m and n are both of them zero in 
the transformed equation (3) because then the equation 
•would not be one of the second degree. But if the terms 
containing the first and second powers of the same variable, 
the terms sx and noj^, for instance, be absent from (3), then 
the equation will be an equation of the second degree with 
only one variable, namely, the equation 

M^2-f R^ + F = 0, 
R 1 

which gives y = — - +^c— >v/(R^— 4fm), 
showing that in these circumstances the locus will be a 
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pair of parallel straight lines, which, however, are reaZ line^, 
only so long as B^ exceeds 4fm : if such be not the case the 
lines are imaginary. 

This variety of the general equation, arising from the 
conditions that N = 0, and s = 0, in the transformed equa- 
tion (3), is a variety of the parabola, because when N is 
absent from (3) that equation is of the same form as the 
equation of the parabola referred to rectangular axes, 
parallel to the principal axes of the curve, as is obvious from 
the formulas of transformation (1) at page 56. 

It thus appears that every equation of the second degree 
involving two variables characterises either an ellipse, an 
hyperbola, or a parabola, or else a variety of one or other of 
these curves. 

It remains for us now to show how to ascertain what 
particular conic section it is that any proposed equation 
represents. 

3rd. — Discussion of the general equation, 

Ay^+Bxy + cx^ + Dy + Ex+¥s^O. 
Solving this equation first for y and then for x, we get 

2'=— 2l-± 

^V{(B*-4AC)a!* + 2(BD-2AE)a!+(D«-4AP)} . (1) 

2c "- 

i-V'{(B^-4AC)2/H2(BE-2CD)2/ + (E2-4CF)} . (2) 

Let us now enquire what conditions must be satisfied 
by the equation, in order that the expression under the 
radical sign in (1) must necessarily be positi/ve, and con- 
sequently the values of x and y always possible. The sign 
of the expression referred to mil not be altered, though we 
divide by x^ ; since oj^ is jpositvve, whether x be plus or 
minus : hence the sign of the irrational part of (1) will be 
the same as the sign of the expression 

(b2-4ac)+2(bd-2ae)1 +(d2-4af)^, 

X X 
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whatever yalne for a; be put in each of them. Now a vatae 
maybe giyen to a; such l^t for it, and for eMgreaierYBbteB^ 
the sign of the entire expression just writtoi may be the 
same as the sign of the firat term of it ; aeeuig that for the 
extreme yahie a; = oo, the second and third terms Yanisb 
altogether : — there musi be a finite value for a; so great that 
the last two terms, taken together, shall be numerically le8$ 
than the first term ; and therefore loss for every value of x 
«tin greater. In otiier words, there exists some value for x 
such that for that value^ and for all values positive and 
negative, numerically greater, the expression (1), for ^, will 
be real if b^— 4ac heposUive^ and inuiginary if b*'4ac be 
n^ative. 

pTow it has already been shown that the only curve which 
the equation (1) can represent, must be either an ellipse, 
an hyperbola^ or a parabola ; and the only one of these 
of wmch — after a certain pair of values, positive and 
n^ative, for x — ^the ordinates are all real, however great +a) 
may be, is the Hyperbola : and the only one of the three 
curves in which, after a certain pair of values, one value 
positive and the other negative, for x, the ordinates are all 
imutgi'Mmj, is the EUipse, We may therefore safely conclude 
that — 

If (b*— 4ac) be negative, the locus is an Ellipse 

If (b2— 4ac) bejposi^we „ „ Hyperbola 

/. If (b*— 4ac) be „ „ Parabola; 

this latter criterion for the parabola being a necessary 
consequence of the two former criteria. L^ however, in 
conjunction with this third condition, there be the addi- 
tional restriction bd^2ae=:0, then the equation will 
represent — ^not a curve, but the two parallel straight lines 
whose equations are 

and y = - ?^ - ^/(d»-4af). 

^A 

That these lines are 'parallel, we know ; because the coeffi- 
cient of inclination is the same in both. As already noticed, 
these lines are called a variety of the parabola : the two lines 
coalesce and become one line, ifD^ = 4AP; asis obvious. 
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If the roots of the expression nnder the radical sign in x 
(1) be equal, then, calling each of the equal roots r, the 
equation (1) will represent two straight lines, whenever 
the criterion for i^e 'hyperbola has place : the equations of 
these lines being 

and these, we know, must be intersecting straight lines, 
because the coefficient of a; in the one is unequal to the 
coefficient of aj in the other. This pair of intersecting 
straight lines is therefore a variety of the hyperbola/ 

From what has now been proved it follows that, whatever 
be the form of any equation of the second degree, involving 
two variables, the particular curve represented by it may 
always be ascertained by subjecting the given coefficients k> 
the tests at page 138 ; so that we need never be in doubt, in 
any special case, whether the locus is an ellipse, an hyperbola, 
or a parabola. There is, however, one form of the equation 
which deserves distinct notice ; we know from the criteria 
just referred to, that if either A y^, or c «*, be absent from the 
equation provided bo^ be present, the locus is necessarily 
an hyperbola, and that such is also the case if both a y^ and 
ca;^ be absent, the term Bxy being present. Under these 
last circumstances the equation is 

BaJ2/+i>2/ + Eaj+p = 0, .\y = " ^-r^'^ 

which shows that when the equation is of this form, the 
axes, to which the hyperbola represented by it is referred, 
must be parallel to the asymptotes, since y is real for every 
real value of x ; and that, moreover, for every such value of 
aj, there corresponds but one value for y. 

We shall only add farther that the equations 

T=-2^^ . . . (3)aBdx=-«-I±5 ... (4) 
2a ^ 2c 

which would be given by suppressing the irrational part in 
each of the expressions in (1) and (2), always represent two 
diameters of the locus : for whatever value be ^^«i^"V«i -jfeV^ 
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the irratioiial pari; of equation (1), if we call that value X?, 
the y of the curve will be 

l'=-5|f"±fc . • .(5) 

80 that if from the point (x, t) in the line (3), we draw 
the line h in the positive direction, parallel to the axis of ^, 
and also the equAl line —A;, in the opposite direction, the 
extremities of A;, —A;, will be two points in the curve, the. 
ordinates of wluch are the two values of y marked (6) 
above : consequently (3), thus bisecting every chord of the 
curve parallel to the axis of ^, is the equation of a diameter ; 
and in like manner it may be shown that (4) is the equa- 
tion of a diameter bisecting the chords paraUel to the axis 
of X. Hence, the centre of the curve, when it has a centre, 
must be at Ihe intersection of the two lines (3), and (4) ; 
which point (a/, y') of intersection, is found to be 

, _ 2ab--bd ,_2cd--bb. 
^ - b2-4ac'^ b2-4ac ' 

and each of these co-ordinates, when b^— 4ac is zero, that 
is, when the curve is a parabola (p. 138), becomes infinite, 
as it ought to do. 

From the general equation to determine the equations 

of the asymptotes. 

By actually extracting the square root of the expression 
under the radical sign, in the general value of the ordinate 
in equation (1), we find for y the expression 

__ _ Ba;+D , f a/(b^ — 4ac) bd— 2ae 

^ "" 2a - I 2a ^ "^ 2A^/(B2-4AC) 

• r > 

Z;, A;', &c., being constants. 
As X increases, it is plain that the term -, and all the 

X 

terms which follow it will diminish, whilst those in x that 
precede it will increase; and to these leading terms the 
expression will ultimately be reduced when x becomes 



X x^ 
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infinite. Consequently the curve continually approaches 
closer and closer to the two straight lines represented by 
the equations 

_ BX + B V'Cb^ — 4AC) / BD — 2ae'\ 

'^ 21" + 21 — V^ i^:::?!^ j 

^ 2a 2a \ b^-4^oJ 

These two lines are therefore the asymptotes to the curve: 
they are identical with those of which the equations are 
given at p. 139, as they ought to be since the pair of lines 
designated there as a variety of the hyperbola, are the 
asymptotes here. That they are identical pairs will be 
seen by substituting in the former pair of equations, the 
proper expression for rj, one of the two equal roofs of the 
equation ftimished by putting the expression under the radi- 
cal sign in (1) equal to zero. This equation, when divided by 
the coefficient of x^ gives for rj, that is, for half the co- 
efficient of X taken with changed sign, the value 

— — BD— 2ae 
^^ "■ b3-4ac 

and it is at once seen that, with this Value of rj, the two 
equations at p. 139 are identical with the two equations of 
the asymptotes here determined. 

As the centre of the hyperbola is the point where the 
asymptotes intersect, and at this point of intersection the 
values of 2/ in the two foregoing equations must be iden- 
tical, their difference must be zero : subtracting therefore the 
second equation from the first, and equating the result to 
zero, we find, for the abscissa x of the centre of the curve, 
the expression 

2ae— BD 
X = — - — - — . 

B^ — 4ac 

And since half the simi of the values of y must be the 
ordinate Y of the centre, we have 

T= _ BX + D _ 2CD — BE 

"" 2a "" b2-4ac' 

These, indeed, are the general expressions for the co- 
ordinates of the centre in both the central cwrveSy as the 
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ellipse and hyperbola are called : this we learn from thef 
equations of the pair of diameters at p. 139 ; which, solved 
as two simnltaneons equations, give the foregoing values 
for X and t. 

We here terminate the proposed general discussion, and 
shall conclude the present Rudimentary Treatise by adding 
a few examples on the determination of Loci in particular 
cases. 

And it may be as well to state that, in order to this 
determination, the student ought to proceed independently 
of all reference to the criteria at p. 138. It will be an easy 
thing for l^im to remember these simple tests for distin- 
guishing the equation of any one of the three curves from 
the equation of either of the other two : he has only to 
call to mind the tests which he would employ, in a quad- 
ratic expression, in common algebra, in order to discover 
whether that expression is a complete square, or a quantiiy 
in defect of a complete square, or a quantity in excess of a 
complete square : this test being appUed only to the three 
leading coefficients of the arranged equation — ^the terms of 
it which follow being wholly disregarded. It cannot but 
be regarded by him as an interesting fact that, by a 
mere inspection of these three leading terms, he should be 
enabled to declare, with certainty, whether the curve which 
the equation symbolises is a parabola, an ellipse, or an 
hyperbola. These names of the curves are significant of 
the above-mentioned discriminating peculiarities : parabola 
implying equaliinj, ellipse, defect, and hyperbola, excess. 



Problems on the determination of Loci, 

1. It is required to determine the curve of which the 
equation, in reference to assigned axes,* is 

2/2— 2aJ2/-3aj2-22/ + 7a;--l = 0. 

* In all such problems as these, the axes of reference are regarded 
as given in position: the situation, or inclination, of the axes has 
nothing to do with the general character of the curve ; but the particular 
curve itself, in order that it may be actually constructed, or even that 
the situation of a single point in it may be determined, must of course 
*-- referreA, by the equation of it, to a definite pair of axes. 



Jiereti 
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Since in this equation b*— 4ac is positive, we at once con- 
clude that the curve is an hyperbola. Let us first find the 
equations of its asymptotes, since when these lines are con- 
structed, and a single point only in the curve determined, 
we can readily discover as many more points in it as 
we please (p. 124), and can thus trace out the particular 
hyperbola. 

The equations of the asymptotes are given in a general 
form at p. 141 ; but in particular cases it is usually prefer- 
able to proceed independently of the general formulas : we 
shall here therefore deduce tne equations of the asymptotes 
directly firom the proposed equation. Solving tl^ equation 
for y, we get y = x+l-jr 'v/(4aj^— 5aj + 2) 
or actually extracting the square root, 

7/ = aj+l + (2aj-f+^ + ^'+ . . . ). 

X x^ 

Hence (p. 140), we conclude that the equations of the 
asymptotes are 

T =aj-|-l+2aj— I, and Y = aj+l-2aj+f. 

Putting a? = in each of these we find t = — :J, and 
T ^ 2^, for the ordinates of the points where the two 
lines cross the axis of y. In like manner, putting t = 0, 
the points where the same lines cross the axis of x are 
found to be aj = T^, and a? = 2i: the asymptotes may 
therefore be easily drawn. 

It remains now to determine a point in the curve. For 
this purpose put a; = 0, in the proposed equation; and 
there results for the ordinates of the two points where the 
curve crosses the axis of y, the values y = 1 + V2, and 
y= 1-^2. . 

Two points in the curve are thus ascertained, and by aid 
of these we may find as many more as we please, and may 
thus be enabled to trace out the curve. 

If in any case it should happen that the curve does not 
cross either of the axes of reference, then after having con- 
structed the asymptotes, a point in the curve is to be 
determined by assuming some convenient value for x, and 
then from the given equation determining the correspond- 
ing value of 2/ : by help of this point, and the two asym- 
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ptotes, other points in the cnrve — ^as many as we choose — 
may be discovered, as ah*eady explained (p. 124). 

2. It is required to determine the curve of which the 
equation is 

2/«-2a;y + 3aj2 + 22/-4aj-3 = 0. 

Here b— 4ac is negative: the curve must therefore be 
an ellipse. We shall determine its limits. 

Writing the equation in the forms 2/'— 2 (aj— l)y = — 3»^ 
+4aj+3, and 3a5«-2(2/+2>=:-2/'-2y-|-3, 
and solving it first for y, and then for », we have 

3^ = aj-l+^/(-2aj2+2aj+4) ... (1) 
«^ = i(2r+2)±^v/(-2ya-2y+13) . . . (2) 
And by equating the expression under the radical sign 
in (1) to'zero, we have a;^— a;— 2 = 0, .*. x = -=— = 2, or 

-1. 

The curve, therefore, is included between two parallels 
to the axis of 2/, of which the abscissa of the one is 2, and 
the abscissa of the other —1. 

In like manner, equating the expression under the radical 
sign in (2) to zero, we have 

27/+22/-13 = 0, 

. . 2/ 2 2 ' 2 

The curve, therefore, is also included between parallels to 
the axis of oj, of which the ordinate of the one is "^^—l. — 

1 __ /27 

and the ordinate of the other ^ — . The curve is 

therefore circumscribed by a parallelogram which may be 
constructed, and the points of contact found. 

3. To determine the curve of which the equation is 
xy^2y-\'X'-l = 0. 

The curve is an hyperbola (see p. 139), the axes of co- 
ordinates being paraUel to the asymptotes. The expres- 
sion for 2/ is 2/ = — -o> which becomes infinite only when 
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X = 2: hence, if this distance be measured from the origin 
on the axis of x, the line through its extremity, parallel 
to the axis of y, will be one of the asymptotes. In like 

manner the expression for x, yiz. x = -^ — =^ , becomes infinite 

only when ?/ = — 1 ; and if this distance be marked off from 
the origin on the axis of y, the line through its extremity, 
parallel to the axis of x, will be the other asymptote. 

To find a point in the curve, put aj = 0, in the given 
equation, and there results for the corresponding y, the 
value 2/ = — i ; therefore the point (0, —J) is a point in 
the curve; and by means of this and the asymptotes as 
many points as we please may be determined (Note, p. 124), 

4. Given the base of a triangle, and the sum of the tan- 
gents of the angles at the base, to determine the locus of 
the vertex of the triangle. 

Let the middle point of the base be taken for the origin 
of the rectangular co-ordinates, the axes being the base 
itself, for the axis of oj, and the perpendicular to it, for the 
axis of y ; and let (x, y) denote any point, indifferently, in 
the locus of the vertex. Then putting h for half the base, 
and 8 for the given sum of the tangents, we shall have, for 
the angles A and b, at extremities of the base 2&, 

tan A = =-^— , tan b = ~-J— ; 
o-\-x o—x 

and for the sum (s) of these tangents, 

O """ X 

or 8x^ 



+ 2i(2/-|)=0. . . (1), 



the equation of the curve. The locus of the vei^x of the 

triangle is therefore a parabola. 

If the origin of the co-ordinates be removed to a point 

sb 
in the axis of y, of which the ordinate is — , that is, if we 

substitute y-^ ^ for y in equation (1), we shall have 



8x\2ly^^, :. x^=.-'~y . . , (2), 
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SO tbat the Tertex of the parabola is the rertez of the 
triangle when its position is on the axis of y ; and it is this 
point which is the new origin of the axis. If in the 

equation of the locos (2) we pat — — ■ for y, the resulting 

valnes of x will he a; = -I- ^, and a; = ~&, showing that the 
parabola passes throngh the extremities of the fixed base 
of the triangle. 

We subjoin a few unsolved problems of this kind. 

5. Determine the character of the curre of which the 
equation is 

y«— 4ry+4ir*+2y— 7j;— 1 =0, 

and find at what points it crosses the axes of co-ordinates ? 
Ans. The curve is a parabola : it intersects the axis of x 
in the points x = i(7+>/ 65), and the axis of y, in the 
points y = —1+^2. 

6. What are the equations of the asymptotes of the 
hyperbola ipy— 2y + a?— 1 = 0, and at what point does the 
curve intersect the axis of ordinates ? 

Ans. Equations of asymptotes, z = 2, and y = — 1. 
Point, y = — ^. 

7. What is the character of the curve represented by the 
equation 

aj* + ma?y— y»— n =0, 

the axes of reference being rectangular ? 

Ans. An equilateral hyperbola. 

8. Given the base and altitude of a plane triangle, to 
find the locus of the intersections of tbe perpendiculars 
from the vertices to the opposite sides of the triangle. 

Ans. A parabola. 

9. Given the base of a plane triangle and the difierence 
of the tangents of the angles at the base to find the locus of 
the vertex ? Ans. An hyperbola. 

10. Tlie extremities of a straight Hne of given length 
move aloDg the sides of a given angle : it is required to 
find the locus of a fixed point p in the line ? 

Ans. The locus of p is an ellipse. 

11. Given the base and the sum of the sides of a plane 
triangle, to find the locus of the point of intersection of 

^e lines from, the vertices bisecting the opposite sides ? 

Ans. An ellipse. 
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12. Tangents to a parabola make angles with the prin- 
cipal diameter, the product of whose tangents is given : 
required the locus of their points of intersection ? 

Ans, A straight line. 

13. A perpendicular from any point in the diameter of a 
circle is prolonged through the circumference till the pro- 
longed part is equal to one or other of the segments into 
which the perpendicular divides the diameter : what is the 
locus of the extremity of the perpendicular ? 

Arts, An ellipse. 

14. The base and difference of the other two sides of a 
plane triangle are given : a circle touches one of these 
sides, as also the prolongation of the base and of the other 
side : what is the locus of the centre of the circle ? 

Arts. An hyperbola. 

15. Required the locus of the centres of all the circles 
which pass through a fixed pointy and touch a fixed straight 
line ? Alls. A parabola. 

It may be advisable, before closing this elementary treatise, 
to subjoin a few remarks having especial reference to the 
matters discussed in the foregoing section. 

It has been satisfactorily shown that whenever an equa- 
tion of the second degree, involving two variables, is pre- 
sented to us as the equation of a curve, we can always 
pronounce with certainty, after a little examination of the 
equation, whether it represents an ellipse, an hyperbola, or 
a parabola : but, from the equation itself merely, we cannot 
deduce any ddditional information. The particular, or 
individual, ellipse, or hyperbola, or parabola, from which the 
equation has really been derived, could not be actually re- 
produced from that equation, unless, in addition to the 
equation itself, the axes of reference were also given : if 
these axes be unknown to us, if we are in ignorance as to 
whether they are rectangular or oblique, or, if though 
stated to be oblique, we are not informed of the degree of 
obliquity, we cannot enter into details as to the individual 
curve the equation of which has been submitted to us. A 
simple instance will suffice to make this clear, if indeed 
instances be wanted. Take the equation y^ -{-x^ —m x ^=' i 
then, without knowing anything about the axes of reference, 
we should pronounce the curve to be an ellipse ; but we 

h2 
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could not specify the particular ellipse, without knowing 
whether the axes of co-ordinates were rectangular or 
oblique. If they were stated to be rectangular, we could 
tell all about this particular ellipse : we should at once 
perceive that it was not in reality an elHpse proper, but a 
circle, the radius of which is ^ m. But if the axes were 
declared to be oblique, we should know that, whatever its 
individual characteristics may be, it cannot be a circle : yet, 
unless we are informed what the degree of obliquity actually 
is, we cannot construct the individual elHpse ; for the given 
equation refers it to axes of a certain definite degree of 
obliquity, and not to any other axes. 

In the foregoing problems on Lod, nothing is left un- 
certain or ambiguous : the axes in each case are definitely 
fixed ; and the equation of the locus is the equation which 
relates the several points of it, to that individual pair of 
axes, and to no other pair. 



The name Conic Sections is given to the assemblage of 
lines which have been the objects of consideration in the 
present volume, because each of them is a section of a cone, 
when cut by a plane ; and because, whatever direction the 
cutting plane may take, the outline of the section can never 
be a curve other than one of those treated of under the 
appellation of lines of the second order. If an upright cone 
be cut by a plane perpendicular to its axis, that is, parallel 
to its base, the section will evidently be a circle : if, however, 
the plane be inclined to the axis, cutting through it obhquely, 
it is pretty obvious that the section will be an ellipse : but 
if the plane, instead of passing through the axis of the cone, 
be parallel to it, the section will be one of the branches of an 
hyperbola : the other branch would be the section of an 
opposite and equal cone, in an inverted position ; each cone 
having a common apex, and the axes of the two being in 
one and the same straight line. If, lastly, the cutting plane 
pass through the axis in a direction parallel to the slant 
side of the cone, the section will be a parabola : these are 
the only curves which can be furnished by the various sec- 
tions of a cone. And under this aspect it was that the 
ancient gGometeva investigated their properties. 
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But besides these curves of the second order, iimumerable 
other curves may be traced out, as geometrical representa- 
tives of equations of the higher degrees : there are curves 
of the third order, the fourth order, the fifth order, &c. ; 
according as the equations of them are of the third, fourth, 
or fifth degree, &c. As may be expected, the forms of some 
of them are complicated : many of them are figured, and the 
principal properties of them discussed, in the treatise of 
Maclaurin On the general Properties of Geometi'ical lAnes. 
Several of these properties are very remarkable : we have 
room here to mention and prove only two. 

1. Whatever two straight lines be taken for the axes of x 
and y, if two parallels to the axis of y be drawn through a 
curve of the nth order, and they so cut the axis of x, that 
the sum of the ordinates of the points where they cross the 
curve, on one side of the axis of a;, be equal to the sum of 
the ordinates on the other side, for each of these parallels, 
then every other line parallel to the axis of y wiU cut the 
curve so that the sum of the ordinates on one side the axis 
of X shall likewise be equal to the sum of the ordinates on 
the other side. 

Let the equation of the curve be written in the form 

2/" + (aaj-i-%"->+ ... =0 ... (1) 

and let the equations of the two lines parallel to the axis of 
2/ be aj =: jp, and x =^q: then we must have 

2/"+(ajp + %"-^+ ... =0, 
and2/"+(ag' + 6)2/"~H . . . = 0. 

Now if the sum of the negative values of i/ be equal to the 
sum of the positive values, the coefl&cients (aj9 + fc), and 
(ag' + &), must each be zero ; since by the Theory of Equa- 
tions, the coefl&cient of the second term, with changed sign, 
is always equal to the sum of the roots of the equation ; 
and here this sum is zero : hence 

a^ + 6 = 0, and a cj' + & = 0, /. ci(p — q) = 0, 
,% a = 0, and /, & = 0. 

But if a and h, in (1), be each zero, the coefficient 
(ax + h) must be zero, whatever be the value of x; and 
therefore, wherever a third parallel to the axis ofy cuts the 
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curve, the sum of the ordinates of the points of intersection 
with the curve must have the property announced. 

2. K across a curve of any order (n), two secants, 
parallel to the sides of a fixed angle, be drawn from a point, 
the continued product of the parts intercepted between the 
curve and this point, of one of the secants, shall have the 
same constant ratio to the product of the parts of the other 
secant, however the situation of the point from which the 
two secants are drawn be varied. 

Lst the two secants be taken for the axes of reference : 
then for y = 0, and aj = 0, the equation of the curve will 
give the conditions 

aaj"+6aj**-^ + ca;**-*+ . . . +paj + g' = ... (1) 

ay+6y-*+cy-*-f . . . +pV+2 = ^ • • • (2) 

Now the roots of these equations will denote the parts of the 
two secants intercepted between the origin of the axes and 
the curve ; and dividing the first equation by a, and the 
second by a', we shall have for the product of the roots of 

(1), the expression^ ; and for the product of the roots of 

a 

(2), the expression ^ ; and since ? I ? I la' I a, the iruth of 

a a a 

the theorem may be inferred. For the removal of the origin, 

without disturbing the inclination of the axes, cannot cause 

any alteration in the values of a, a', the coefficients of the 

highest powers of x and y. The substitution of a;+^ for aj, 

and y + h' for y^ cannot affect the terms involving the highest 

power of X and of 2/, iu any equation. 
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TOOLS AND MACHINERY, by J. Nasmyth. 2s. 6d. 
113*. MEMOIR ON SWORDS, by Col. Marey, translated by Lieut.- 
Col. H. H. Maxwell. Is. 



PUBLISHED BY LOCKWOOD <fe CO., 



NAVIGATION AND NAUTICAL WORKS. 



114. MACHINERY, Construction and Working, by C.D.Abel. U,6d. 

115. PLATES TO THE ABOVE. 4to. 7«. 6rf. 

125. COMBUSTION OF COAL, AND THE PKEVENTION OP 
SMOKE, by C. Wye WUliams, M.I.C.E. Ss. 

139. STEAM ENGINE, Mathematical Theory of, by T.Baker. Is. 

155. ENGINEER'S GUIDE TO THE RoYAL AND MER- 
CAN riLE NAVIES, by a Practical Engineer. Revised by 
D. P. McCarthy. Ss. 

162. THE BRASSFOUNDER'S MAJfUAL, bv W.Graham. 2a.6<f. 

164. MODERN WORKSHOP PRACTICE. By J. G. Winton. Ss. 

165. IRON AND HEAT, Exhibiting the Principles concerned in 

the Construction of Iron Beams, Pillars, and Bridge Girders, 
and the Action of Heat in the Smelting Furnace, by James 
Armour. C.E. Woodcuts. 2«. 6d. [Now ready. 

166. POWER IN MOTION: Horse Power, Motion, Toothed Wheel 

GeHring, Long and Short Driving Bands, Angular Forces, &c., 
by James Armour, C.E. With 73 Diagrams. 2s.Qd. [Just ready, 

*^* 2^ew Volumes in preparation : — 

THE APPLICATION of IRON in the Construction of Bridges, 
Beams, and Girders, by Francis Campin, C.E. With Illus- 
trations. {Nearly ready. 

THE WORKMAN'S MANUAL OF ENGINEERING 
DRAWING, by John Maxton, Instructor in Engineering 
Drawing, Royal School of Naval Architecture and Marine 
Engineering, South Kensington. Plates and Diagrams. 

[Nearly ready. 

MINING TOOLS. For the Use of Mine Manafff^rs, Agents, 
Mining Students, &c., by William Morgans, Lecturer on 
Practical Mining at the Bristol Sihool of Mines. 12mo. With 
an Atlas of Plates, containing 2U0 Illustration?. 4to. 

[Nearly ready. 

TREATISE ON THE METALLURGY OF IRON ; con- 
taining Outlines of the History of Iron Manufacture, Methods 
of Assay, and Analysis of Iron Ores, Processes of Manufacture 
of Iron and Steel, &c., by H. Bauerman, F.G.S , A.R.S.M. 
Second Edition, revised and enlarged. Numerous Woodcuts. 



NAVIGATION AND SHIP-BUILDING. 

61. NAVAL ARCHITECTURE, by J. Peake. 3«. 

63». SHIPS FOR OCEAN AND RIVER SERVICE, Confltruction 

of, by Captain H. A. Sommerfeldt. 1«. 
63»*. ATLAS OF 16 PLATES TO THE ABOVE, Drawn for 

Practice. 4to. Is. ^. 
64. MASTING, MAST-MAKING, and RIGGING OF SHIPS, 

by R. Kipping. 1«. 6rf. 

7, STATIONERS' HALL COURT, LUDGATE HILL. 



SCIENTIFIC WORKS. 



64*. IRON SUIP-BUILDESa, by J. Grantham. Fifth Edition, 
with Supplement. 4«. 

54**. ATLAS OF 40 PLATES to illustrate the preceding, includ- 
ing numerous M(xiern Examples — *' The Warrior," " Her- 
cules," " Bellerophon," &c 4to. SSs, 

55. NAViaATION ; the Sailor's Sea Book: How to Keep the Log 
and Work it off, Law of Storms, &&, by J. Greenwood. 28, 

83 bis. SHIPS AND BOATS, Form of, by W. Bland. i«. i>d. 

99. NAUTICAL ASTRONOMY AND NAVIGATION, by J. E. 
Young. 2s. 

100*. NAVIGATION TABLES, for Use with the above. 1<. Qd. 

106. SHIPS' ANCHORS for all SERVICES, by G. Cotsell. is. 6d. 

149. SAILS AND SAIL-MAKING, by R. Kipping, N A. 28. Qd. 



PHYSICAL AND CHEMICAL SCIENCE. 

1. CHEMISTRY, by Prof. Pownes. With Appendix on Agri- 

ciilt ital Chemistry. New Edition, with Index. 1*. 

2. NATURAL PHILOSOPHY, by Charles Tomlinson. U, 

3. GEOLOGY, by Major-Gen. Portlock. New Edition, with 

Index. Is i^. 

4. MINERALOGY, by A. Ramsay, Jan. 3*. 

7. ELECTRICITY, by Sir W. S. Harris. U, 6d, 

7*. GALVANISM, ANIMAL AND VOLTAIC ELECTRICITY, 
by Sir W. S. Harris. U. 6d. 

8. MAGNETISM, by Sir W. S. Harris. Ss. ^. 

Nbs. 7, 7*. nnd 8ml vol. doth boards^ Is. fid. 

11. HISTORY AND PROGRESS OF THE ELECTRIC TELE- 
GRAPH, by Robert Sabine, C.K, P S.A. 3». 

72. RECENT AND FOSSIL SHELLS (A Manual of the Mollusca), 
by S. P. Woodward. With Appendix by Ralph Tate, F.G.S. 
6.v.6rf. ; in cloth boards, 7«. 6rf. Appendix separately, l«, 

79<^*. PHOTOGRAPHY, the Stereoscope, &c., from the French 
of D. Van Monckhoven, by W. H. Thornthwaite. Is. 6rf. 

96. ASTRONOMY, by the Rev. R. Main. New and Enlarged 
Edition, with an Appendix on *' Spectrum Analysis." 1«. ^d, 

133. METALLURGY OF COPPER, by Dr. R. H Lambom. 2s, 

134. ME^rALLURGY OF SILVER AND LEAD, by Dr. R. H. 

Ija?Tihorn. 2*. 

135. ELEOl^RO- METALLURGY, by A. Watt. 2«. 

138. HANDBOOK OF THE TELEGRAPH, by R. Bond. New 

and enlarged Edition. U. 6rf. 
143. EXPERIMENTAL ESSAYS— On the Motion of Camphor 

and M()dern Theory of Dew. by O. Tomlinson. \s, 
161. QUKSTTONS ON MAGNETISM, ELECTRICITY, AND 

PRACTICAL TELEGRAPHY, by W. McGregor. U. 6rf. 

PUBLISHED BY LOCKWOOD <fe CO., 



EDUCATIONAL WORKS. 9 



MISCELLANEOUS TREATISES. 

12. DOMESTIC MEDICINE, by Dr. Ralph Gboding. 2». 

112*. THE MANAGEMENT OF HEALTH, by James Baird. 1*. 

113. USE OP FIELD AKTILLERY ON SERVICE, byTaubert, 
translated by Lieut.-Col. H. H. Maxwell. 1«. Qd. 

160. LOGIC, PURE AND APPLIED, by 8. H. Emmens. U 6d. 

162. PRACTICAL HINTS FOR INVESTING MONEY: with 

an Explanation of the Mode of Transacting Business on the 
Stock Exchange, by Francis Piayford, Sworn Broker. Is, 

163. LOCKE ON THE CONDUCT OF THE HUMAN UNDER- 

STANDING, Selections from, by S. H. Emmens. 28. 



NEW SERIES OF EDUCATIONAL WORKS. 



1. ENGLAND, History of, by W. D. Hamilton. 5». ; cloth boards, 
6«. (Also in 5 parts, price I*, each.) 

6. GREECE, History of, by W. D. Hamilton and E. Levien, M.A. 

2«. Hd. ; cloth boards, Ss. Qd. 

7. ROME, History of, by E. Levien, M.A. 2«. 6d. ; cloth boards, 

3.-*. Hrf. 
9. CHRONOLOGY OF HISTORY, LITERATURE, ART, 
and Progress, from the earliest period to the present time. 
2s. Hrf. ; cloth boards, '^s. tirf. 

11. ENGLISH GRAMMAR, by Hyde Clarke, D.C.L. 1«. 

11*. HANDBOOK OF COMPARATIVE PHILOLOGY, by Hyde 
Clarke, D.C.L. 1«. 

12. ENGLISH DICTIONARY, containing above 100,000 words, 

by Hyde CUrke, D.C.L. 3s. «rf. ; cloth boards, 4». «rf. 
, with Grammar. Cloth bds. 5s, 6rf. 

14. GREEK GRAMMAR, by H. C. Hamilton. 1*. 

15. DICTIONARY, by H. R. HamUton. Vol. 1. Greek- 
English. 2s, 

17. Vol. 2. English— Greek. 2s, 

Complete in I voL 4s. ; cloth boards, 6». 

, with Grammar. Cloth boards, 6». 

19. LATIN GRAMMAR, by T. Goodwin, M.A. U, 

20. DICTIONARY, by T. Goodwin, MX Vol. 1. Latin 

— ^English. 2s. 

22. Vol. 2. English— Latin. Is. Qd. 

Complete in I vol. 3a. ^d. ; cloth boards, 4s. 6rf. 

, with Grammar. Cloth hda.5s,Qd, 

24. FRENCH GRAMMAR, by G. L. Strauss. U. 

7, STATIONERS' HALL COURT, LUDGATE HILL. 



10 EDUCATIONAL WORKS. 

26. FRENCH DICTIONARY, by A. Elwe*. Vol. 1. French- 

English. U. 

26. Vol. 2. English— French. U. Qd, 

Complete in 1 vol. 2s. 6d. ; cloth boards, S«. 6^. 

-, with Grammar. Cloth bds. 4». Qd. 

27. ITALIAN GRAMMAR, by A. Elwes. 1». 

28. TRIGLOT DICTIONARY, by A. Elwea. VoL 1. 

Italian — English — French. 2». 

30. Vol. 2. Enghsh-French— Italian. 2«. 

32. Vol.3. French— Italian— English. 2«. 

Complete in I vol. Cloth boards, Is. Qd. 

, with Grammar. Cloth bds. 8«. 6d. 

34. SPANISH GRAMMAR, bv A. Elwes. \s. 

35. ENGLISH AND ENGLISH-SPANISH DIC- 
TIONARY, by A. Elwes. 4s. ; cloth boards, 5». 

., with Grammar. Cloth boards, 6*. 

39. GERMAN GRAMMAR, by G. L. Strauss. U. 

40. READER, from best Authors, la. 

41. TRIGLOT DICTIONARY, by N.E.S. A. Hamilton. 

Vol. I. English — German — French. 1*. 

42. Vol. 2. German— French — English. Is. 

43. Vol. 3. French — German — English. Is. 

Complete in 1 vol. 3«. ; cloth boards, 4*. 

J with Grammar. Cloth boards, 5a. 

44. HEBREW DICTIONARY, by Dr. Bresslau. Vol. 1. Hebrew 

— English. 6a. 

, with Grammar. 7a. 

46. Vol. 2. English— Hebrew. 3a. 

Complete, with Grammar, in 2 vols. Cloth boards, 12a. 

46*. GRAMMAR, by Dr. Bresslau. la. 

47. FRENCH AND ENGLISH PHRASE BOOK. la. 

48. COMPOSITION AND PUNCTUATION, by J.Brenan. la. 

49. DERIVATIVE SPELLING BOOK, bv J. Rowbotham. la.6rf. 

50. DATES AND EVENTS. A Tabular View of English History, 

with Tabular Geography, by Edgar H. Rand. [InFreparation. 

THE SCHOOL MANAGERS* SERIES 

OF 

NEW EEADINQ BOOKS, 

Adapted to the Requirements of the New Code (j/* 1871. 

Edited by the Rev. A R. Grant, Rector of Hitcham, and Honorary 
Canon of Ely ; formerly H.M. Inspector of Schools. 
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EDrCATIONAL AND CLASSICAL WOKKS. U 

GREEK AND LATIN CLASSICS, 

•With Explanatory Notes in English. 



LATIN SERIES. 

1. A NEW LATIN DELECTUS, with Vocabularies and 

Notes, by H. Young 1«. 

2. C^SAR. De Bello Gallico ; Notes by H. Young . . 2». 

3. CORNELIUS NEPOS; Notes by H. Young . . . U. 

4. VIRGIL. The Georgics, Bucolics, and Doubtful Poems; 

Notes by W. Rushton, M.A., and H. Young . Is. 6d. 

5. VIRGIL. iEneid ; Notes by H. Young . . . 2«. 

6. HORACE. Odes, Epodes, and Carmen Seculare, by H. Young U, 

7. HORACE. Satires and Epistles, by W. B. Smith, M. A. U, Qd. 

8. SALLUST. Catiline and Jugurthine War; Notes by 

W. M. Donne, B.A Is.^d. 

9. TERENCE. Andria and Heautontimorumenos ; Notes by 

the Rev. J. Davies, M.A U, ^, 

10. TERENCE. Adelphi, Hecyra, and Phormio; Notes by 

the Rev. J. Davies, M.A 2ft, 

11. TERENCE. Eunuchus, by Rev. J. Davies, M.A. . 1*. 6rf. 

Nbs. 9, 10, and 11 tn 1 rol. ooth boards, 65. 

12. CICERO. Oratio Pro Sexto Roscio Amerino. Edited, 

with Notes, &c., by J. Davies, M.A. {Now ready.) . . 1«. 

14. CICERO. De Amicitia, de Senectute, and Brutus ; Notes 

by the Rev. W. B. Smith, M.A 2«. 

16. LIVY. Books i., ii., by H. Young . . . . 1«. 6rf. 
16*. LIVY. Books iii., iv., v., by H. Young . . , 1«. 6<i. 

17. LIVY. Books xxi., xxii., by W. B. Smith, M.A. . \s. ^. 

19. CATULLUS, TIBULLUS, OVID, and PROPERTIUS, 

Selections from, by W. Bodham Donne . . . .2a. 

20. SUETONIUS and the later Latin Writers, Selections from, 

by W. Bodham Donne 2». 

21. THE SATIRES OF JUVENAL, by T. H. S. Escott, M.A., 

of Queen's CoUege, Oiford 1«. 6^. 

7, STATIONERS' HALL COURT, LUDGATE HILL. 



12 EDUCATIONAL AND CLASSICAL WORKS. 



GREEK SERIES. 



1. A NEW GREEK DELECTUS, by H. Young . U, 

2. XENOPHON. Anabasis, i. ii. iii., by H. Young . . U. 

3. XENOPHON. Anabasis, iv. v. vi. vii., by H. Young 1*. 

4. LUCIAN. Select Dialogues, by H. Young . . . 1». 
6. HOMER. Iliad, i. to vi., by T. H. L. Leary, D.C.L. U. 6 

6. HOMER, niad, vii. to lii., by T. H. L. Leary, D.C.L. U. Qd. 

7. HOMER, niad, liii. to xviii., by T.H. L. Leary, D.C.L. U. Qd. 

8. HOMER. Iliad, lix. to xxiv., by T. H. L. Leary, D.C.L. U. 6d. 

9. HOMER. Odyssey, i. to vi., by T. H. L. Leary, D.C.L. U, 6d, 

10. HOMER. Odyssey, vii. to lii., by T. H. L. Leary, D.C.L. U. Qd. 

11. HOMER. Odys8ey,xiii.torviii.,byT.H.L.Leary,D.C.L. U.^, 

12. HOMER. Odyssey, xix. to mv. ; and Hymns, by T. H. L. 

Leary, D.C.L 2». 

13. PLATO. Apologia, Crito, and Phado, by J. Davies, M.A. 28, 

14. HERODOTUS, Books i. ii., by T. H. L. Leary, D.C.L. U. 6d, 
16. HERODOTUS, Books iii. iv., by T. H. L. Leary, D.C.L. U, 6d. 

16. HERODOTUS, Books v.vi. vii., by T.H.L. Leary, D.C.L. Is. 6d. 

17. HERODOTUS, Books viii. ix., and Index, by T. H. L. 

Leary, D.C.L Is, Qd, 

18. SOPHOCLES. (Edipus Tyrannus, by H. Young . . U. 
20. SOPHOCLES. Antigone, by J. Milner, B.A. . . . 2». 
23. EURIPIDES. Hecuba and Medea, by W. B. Smith, M.A. U.6d. 
26. EURIPIDES. Alcestis, by J. Milner, B.A. . . .1,. 
30. -fiSCHYLUS. Prometheus Vinctus, by J. Davies, M. A. . U, 
32. ^SCHYLUS. Septem contra Thebas, by J. Davies, M.A, Is. 

40. ARISTOPHANES. Acharnenses, by C. S. D. Townshend, 

M.A ls,6d. 

41. THUCYDIDES. Peloponnesian War. Book i.,byH. Young U. 

42. XENOPHON. Panegyric on Agesilaus, by LLP. W.Jewitt U.6A 
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ENGINEERING, SURVEYING, &c. 

4 

Humbers New Work on Water-Supply. 

A COMPREHENSIVE TREATISE on the WATER-SUPPLY 
of CITIES and TOWNS. By William Humber, Assoc. Inst. 
C.E., and M. Inst. M.E. Author of **Cast and Wrought Ironr 
Bridge Construction," &c. &c. This work, it is expected, will con- 
tain about 50 Double Plates, and upwards of 300 pages of Text. 
Imp. 4to, half bound in morocco. [/« the press, 

*<>* In accumulating information for this volume^ the Author has 
been very liberally assisted by several professional friends^ who have 
made this department of engineering their special study. He has thus 
been in a position to prepare a work which, within the limits of a 
single volume, will supply the reader with the most complete and 
reliable information upon all subjects, theoretical and practical, con' 
nected with water supply. Through the kindness of Messrs, Ander- 
son, Bateman, Hawksley, Homersham, Baldwin Latham, Lawson, 
Milne, Quick, Rawlinson, Simpson, and others, several works, con- 
strtuted and in course of construction, from the designs of these gentU" 
men, will be fully illustrated and described, 

AMONGST OTHER IMPORTANT SUBJECTS THE FOLLOWING WILL BE TREATED 

IN THE text: — 

Historical Sketch of the means that have been proposed and adopted for the Supply 
of Water. — Water and the Foreign Matter usually associated witn it, — Rainfall and 
Evaporation. — Springs and Subterranean Lakes. — Hydraulics. — ^The Selection of 
Sites for Water Works. — Wells. — Reservoirs. — Filtration and Filter Beds. — Reservoir 
and Filter Bed Appendages. — Pumps and Appendages. — Pumpme Machinery.— 
Culverts and Conduits, Aqueducts, Syphons, &c. — Distribution of Water. — Water 
Meters and general House Fittings. — Cfost of Works for the Supply of Water. — Con- 
stant and Intermittent Supply. — Suggestions for preparing Plans, &c. &c., together 
with a Description of the numerous Works illustrated, viz : — ^Aberdeen, Bi(&ford, 
Cockermouth, Dublin, Glasgow, Loch Katrine, Liverpool, Manchester, Rothcrham, 
Sunderland, and several others ; with copies of the Contract, Drawinf;;^) aasi ^-^^s&f 
cation in each case. 



2 WORKS PUBLISHED BY LOCKWOOD & . CO. 

Humbers Modern Engineering. First Series. 

A RECORD of the PROGRESS of MODERN ENGINEER- 
ING, 1863. Comprising Civil, Mechanical, Marine, Hydraulic, 
Railway, Bridge, and other Engineering Works, &c. By William 
H UMBER, Assoc. Inst. C.E., &c. Imp. 4to, with 36 Double 
Plates, drawn to a large scale, and Photographic Portrait of John 
Hawkshaw, C.E., F.R.S., &c. Price 3/. y, half morocco. 

List of the Plates, 

NAME AND DESCRIPTION. PLATES. NAME OF ENGINEER. 

Victoria Station and Roof— L. B.& S. C. Rail x to 8 Mr. R, Jacomb Hood, C.E. 

Southport Pier 9 and 10 Mr. James Bnmlees, C.£. 

Victoria Station and Roof— L. C. & D. & G. W. 

Railways xitoisA Mr. John Fowler, C.E. 

Roof of Cremome Music Hall. x6 Mr. William Humber, C.E. 

Bridge over G. N. Railway 17 Mr. Joseph Cubitt^ CE. 

Roof of Station — Dutcji Rhenish Railway .. 18 and 19 Mr. EuscheHi, C.£. 

Bridge over the Thames— West London Ex- 
tension Railway 20 to 34 Mr. William Baker, C.E. 

Armour Plates 25 Mr. James Chalmers, C.E. 

Suspension Bridge, Thames a6 to 29 Mr. Peter W. Barlow, C.E. 

The Allen Engine 30 Mr. G. T. Porter, M.E. 

Suspension Bridge, Avon 31 to 33 Mr. John Hawkshaw, C. E. 

and W. H. Barlow, C.E. 

Underground Railway 34 to 36 Mr. John Fowler, C.E. 

With copious Descriptive Letterpress, Specifications, &c. 



•• Handsomely lithographed and printed. It will find favour with many who desire 
to preserve in a permanent form copies of the plans and specification? prepared for the 
guidance of the contractors for many important engineering works." — Engineer, 

Humberts Modern Engineering. Second Series. 

A RECORD of the PROGRESS of MODERN ENGINEER- 
ING, 1864 ; with Photographic Portrait of Robert Stephenson, 
C.E., M.P., F.R.S., &c. Price 3/. y. half morocco. 

List of the Plates, 

NAME AND DESCRIPTION. PLATES. NAME OF ENGINEER. 

Birkenhead Docks, Low Water Basin x to X5 Mr. G. F. Lyster, C£. 

Charine Cross Station Roof — C. C. Railway. 16 to 18 Mr. HawksHaw, C.E. 

Digswell Viaduct— Great Northern Railway. 19 Mr. J. Cubitt, C.E. 

Robbery Wood Viaduct— Great N. Railway. 20 Mr. J. Cubitt, C,E. 

Iron Permanent Way 20a 

Glydach Viaduct — Merthyr, Tredegar, and 

Abergavenny Railway 21 Mr. Gardner, CE. 

Ebbw Viaduct ditto ditto ditto 22 Mr. Gardner, C.£. 

College Wood Viaduct — Cornwall Railway . . 23 Mr. Brunei. 

Dubhn Winter Palace Roof 24 to 26 Messrs. Ordish & Le Feixvre. 

Bridge over the Thames— L. C. & D. Railw. 27 to 32 Mr. J. Cubitt, C.E. 

Albert Harbour, Greenock 33 to 36 Messrs. Bell & Miller. 

With copious Descriptive Letterpress, Specifications, &c. 



" A resumi of all the more interesting and important works lately completed in Crest 
Britain ; and containing, as it does, carefully executed dxawmgs, with full workiDg 
details, will be found a valuable accessory to the profession at birge." — Eng^ituer. 

"Mr. Hnmber has done the profes^on eood and true service, by the fine collectko 
of examples he has here brougnt before tne pToie^von vod \Ke public."— iPmc/uMi/ 



WORKS PUBLISHfeD BY LOCKWOOD & CO. 



Humberts Modern Engineering. Third Series. 

A RECORD of the PROGRESS of MODERN ENGINEER- 
ING, 1865. Imp. 4to, with 40 Double Plates, drawn to a large 
scale, and Photographic Portrait of J. R. M*Clean, Esq., late Pre- 
sident of the Institution of Civil Engineers. Price 3/. 3J. half 
morocco. 

List of Plates and Diagrams, 



Bridge over River Lea. 
Bridge over River Lea. 



MAIN DRAINAGE, METROPOLIS. 

North Side. 

Map showing Interception of Sewers. 
Middle Level Sewer. Sewer under Re- 
gent's Canal. 
Middle Level Sewer. Junction with Fleet 

Ditch. 
Outfall Sewer. Bridge over River Lea. 

Elevation. 
Outfall Sewer. 

Details. 
Outfall Sewer. 

Details. 
Outfall Sewer. Bridges over Marsh Lane, 

North Woolwich Railway, and Bow and 

Barking Railway Junction. 
Outfall Sewer. Bridge over Bow and 

Barking Railway. Elevation. 
Outfall bewer. Bri^e over Bow and 

Barking Railway. Details. 
Outfall Sewer. Bridge over Bow and 

Barking Railway. Details. 
Outfall Sewer. Bridge over East London 

Waterworks' Feeder. Elevation. 
Outfall Sewer. Bridge over East London 
Feeder. Details. 
Reservoir. Plan. 
Reservoir. Section. 
Tumbling Bay and Outlet. 
Penstocks. 



Waterworks' 
Outfall Sewer. 
Outfall Sewer. 
Outfall Sewer. 
Outfall Sewer. 



South Side. 

Outfall Sewer. Bermondsey Branch. 

Outfall Sewer. Bermondsey Branch. 

Outfall Sewer. Reservoir and Outlet 
Plan. 



MAIN DRAINAGE, METROPOLIS, 
continued— 

Outfall Sewer. Reservoir and Outlet 

Details. 
Outfall Sewer. Reservoir and Outlet 

Details. 
Outfall Sewer. Reservoir and Outlet 

Details. 
Outfall SQ.wer. Filth Hoist 
Sections of Sewers (Nordi and South 

Sides). 

THAMES EMBANKMENT. ' 

Section of River Wall. 

Steam-boat Pier, Westminster. Elevation. 

Steam-boat Pier, Westminster. Details. 

Landing Stairs between Charing Cross 
and Waterloo Bridges. 

York Gate. Front Elevation. 

York Gate. Side Elevation and Details. 

Overflowand Outlet at Savoy Street Sewer. 
Details. 

Overflow and Outletat Savoy Street Sewer. 
Penstock. 

Overflow and Outlet at Savoy Street Sewer. 
Penstock. 

Steam-boat Pier, Waterloo Bridge. Eleva- 
tion. 

Steam-boat Pier, Waterloo Bridge. De- 
tails. 

Steam-boat Pier, Waterloo Bridge. De- 
tails. 

Junction of Sewers. Plans and Sections. 

Gullies. Plans and Sections. 

Rolling Stock. 

Granite and Iron Forts. 



With copious Descriptive Letterpress, Specifications, &c. 



Opinions of the Press: 

" Mr. Humberts works — especially his annual * Record,' with which so many of our 

readers are now familiar — ^fill a void occupied by no other branch of literature 

The drawings have a constantly increasing value, and whoever desires to possess clear 
representations of the two great works carried out by otu: Metropolitan Board will 
obtain Mr. number's last vmume.** — Engineering, 

** No engineer, architect or contractor should fail to preserve these records of works 
which, for magnitude, have not their parallel in the present day, no student in the 
profession but should carefully study the details of these great works, which he may be 
one day called upon to imitate." — Mechanics* Magazine, 

" A work highly creditable to the industry of its author The volume is quite 

an encyclopaedia for the study of the student who desires to master the subject oC 
municipal drainage on its scale of greatest devdoTjmcoJU'*— •Practicdl IftecVvaawA ? 
youmat. 



4 WORKS PUBLISHED BY LOCKWOOD & CO. 

Humberts Modern Engineering, Fourth Series. 

A RECORD of the PROGRESS of MODERN ENGINEER- 
ING, 1866. Imp. 4to, with 36 Double Plates, drawn to a large 
scale, and Photographic Portrait of John Fowler, Esq., President 
of the Institution of Civil Engineers. Price 3/. 3J. half-morocco. 

List of the Plates and Dia^ams, 

NAME AND DESCRIPTION. PLATES. NAME OF ENGINEER. 

Abbey Mills Pimping Station, Main Drainage, 

Metropolis x to 4 Mr. Bazalgette, C.E. 

Barrow Docks 5 to 9 Messrs. M Clean & Stillman, 

Man(}uis Viaduct, Santiago and Valparaiso [C.E. 

Railway 10,11 Mr. W. Loyd, C.E. 

Adams' Locomotive, St Helen's Canal Railw. 12,13 Mr. H. Cross, C.E. 
Cannon Street Station Roof, Charing Cross 

Railway 14 to x6 Mr. J. Hawkshaw, C.E. 

Road Bridge over the River Moka 17, 1 8 Mr. H. Wakefield, C. E. 

Tel^japhic Apparatus for Mesopotamia .... 19 Mr. Siemens, C.E. 

Viaduct over the River Wye, Midland Railw. 20 to 22 Mr. W. H. Barlow, C.E. 

St. Germans Viaduct, Cornwall Railway .... 23, 24 Mr. Brunei, C.E. 

Wrought-Iron Cylinder for Diving Bell 25 Mr. J. Coode, C.E. 

Millwall Docks 26 to 31 Messrs. J. Fowler, C.E., and 

WiUiam Wilson, CE. 

Milroy's Patent Excavator 32 Mr. Milroy, C E. 

Metropolitan District Railway 33 to 38 Mr. J. Fowler, Engineer-in- 

Chief, and Mr. T. M. 
Johnson, C.E. 

Harbours, Ports, and Breakwaters a to c 

The Letterpress comprises — 

A concluding article on Harbours, Ports, and Breakwaters, with 
Illustrations and detailed descriptions of the Breakwater at Cher- 
bourg, and other important modem works ; an article on the 
Telegraph Lines of Mesopotamia ; a full description of the Wrought- 
iron Diving Cylinder for Ceylon, the circumstances under which it 
was used, and the means of working it ; full description of the 
Millwall Docks ; &c., &c., &c. 



Opinions of the Press, 

** Mr. Humber's 'Record of Modem Engineering' is a work of peculiar value, ai 
well to those who design as to those who study the art of engineering construction. 
It embodies a vast amount of practical information in the form of full descriptions and 
working drawings of all the most recent and noteworthy engineering works. The 
plates are excellently lithographed, and the present volume of the ' Record ' is not a 
whit behind its predecessors." — Mechanic^ Magazine. 

*' We gladly welcome another year's issue of this valuable publication from the able 
pen of Mr. Humber. The accuracy and general excellence of this work are wdll 
Known, while its usefulness in ^ving the measurements and details of some of the 
latest examples of engineering, as carried out by the most eminent men in the profes- 
sion, cannot be too highly prized." — Artizan. 

" The volume forms a valuable companion to those which have preceded it, and 
cannot fail to prove a most important addition to every engineering library." — Mining 
youmal. 

"No one of Mr, Humberts volumes was bad ; all were worth their cost, from die 

mass of plates from weil-executed drawings which they conCuued. In this respect, 

perhaps, this last volume is the most valuable that t\ie a\x\!hox Va& -^toduoed." — PraC' 
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Humberts Great Work on Bridge Construction. 

A COMPLETE and PRACTICAL TREATISE on CAST and 
WROUGHT-IRON BRIDGE CONSTRUCTION, including 
Iron Foundations. In Three Parts — Theoretical, Practical, and 
Descriptive. By William Humber, Assoc. Inst. C.E., and M. Inst 
M.E. Third Edition, revised and much improved, with 115 Double 
Plates (20 of which now first appear in this edition), and numerous 
additions to the Text, In 2 vols. imp. 4to., price 6/. i6s, 6d, half- 
bound in morocco. [Recently published. 

** A very valuable contribi^tlon to the standard literature of civil engineering. In 
addition to elevations, plans, and sections, large scale details are given, which verv 
much enhance the instructive worth of these illustrations. No engineer would wil- 
lingly be without so valuable a fund of information. ** — Civil Engineer and Architects 
youmal. 

"The First or Theoretical Part contains mathematical investigations of the prin- 
ciples involved in the various forms now adopted in bridge construction, lliese 
investigations are exceedingly complete, having evidently been very careftilly con- 
sidered and worked out to the utmost extent that can be desired by the practical man. 
I'he tables are of a very useful character, containing the results of the most recent 
experiments, and amongst them are some valuable tables of the weight and cost, of 
cast and wrought-iron structures actually erected. The volume of text is amply illus- 
trated by numerous woodcuts, plates, and diagrams : and the plates in the second 
volume do great credit to both draughtsmen and engravers. In conclusion, we have 
great pleasure in cordially recommending this work to our readers." — Artisan. 

*' Mr. Humber'^ stately volumes lately issued— in which the most important brid^ 
erected durine the last five years, under the direction of the late Mr. Brunei, Sir W. 
Cubitt, Mr. Hawkshaw, Mr. Page, Mr. Fowler, Mr. Hemans, and others among our 
most eminent engineers, are drawn and specified in great detail." — Engineer. 



Wealds Engineer s Pocket-Book. 



THE ENGINEER'S, ARCHITECT'S, and CONTRACTOR'S 
POCKET-BOOK (Lockwood & Co.'s; formerly Weale's). 
Published Annually. In roan tuck, gilt edges, with lO Copper- 
Plates and numerous Woodcuts. Price dr. 

*' There is no work published by or without authority, for the use of the scientific 
branches of the services, which contains an^rthing like the amount of admirably 
arranged, reliable, and useful information. It is really a most solid, substantial, smd 
excellent work ; and not a page can be opened by a man of ordinary intelligence which 
will not satisfy him that this praise is amply deserved. ** — Army and Navy Cautte. 

" A vast amount of really valuable matter condensed into the small dimen- 
sions of a book which is, in reality, what it professes to be — a pocket-book. .... 
We cordially recommend the book to the notice of the managers of coal and other 
mines ; to them it wiH prove a handy book of reference on a variety of subjects more 
or less intimately connected with their profession. It xnight also be placed with 
advantage in the hands of the subordinate officers in collieries." — Colliery Guardian. 

**The assignment of the late Mr. Weale's * Engineev's Pocket-Book* to Messrs. 
Lockwood & Co. has by no means lowered the standard value of the work. It is too 
well known among those for whom it is specially intended, to need more from us than 
the observation that this continuation of Mr. Weale's series of Pocket Books well 
sustains the reputation the work has so long enjoyed. Every branch of engineerix^ 
is treated of, and facts, figures, and data of every kind aibao^.'^— 'Mechanics* Mag. 

*' It contains a lazve amount of information peculiarly valuable to those for whose 
use it is compiled. We cordially commend it to Uie engineering and archltftsc^xcnA^ 
professions generally."— ilfM«^ youmal. 

"A multitude of useful tables, without refcteixce to^wfeSk-Oci^e ^^^^V^J^ST 
or contractor covdd scarcely get through a s\ng\c days-woxV?* — Sctentxjic is.cu»kw 
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Barlow on the Strength of Materials y enlarged, 

A TREATISE ON THE STRENGTH OF MATERIALS, 
with Rules for application in Architecture, the Construction of 
Suspension Bridges, Railways, &c. ; and an Appendix on the 
Power of Locomotive Engines, and the effect of Inclined Planes 
and gradients. By PETER Barlow, F.R.S.', Mem. Inst, of France ; 
of the Imp. and Royal Academies of St. Petersburgh and Brussels ; 
of the Amer. Soc. Arts ; and Hon. Mem. Inst. Civil Engineers. 
A New and considerably Enlarged Edition, revised by his Sons, 
P. W. Barlow, F.R.S., Mem. Inst. C.E., and W. H. Barlow, 
F.R.S., Mem. of Council Inst. C.E., to which are added a Sum- 
mary of Experiments by Eaton HoDGKiNSON, F.R.S., William 
Fairbairn, F.R.S., and David Kirkaldy; an Essay (with 
Illustrations) on the effect produced by passing Weights over 
Elastic Bars, by the Rev. Robert Willis, M.A., F.R.S. And 
Formulae for Calculating Girders, &c. The whole arranged and 
edited by William Humber, Assoc. Inst. C.E., and Mem. Inst. 
M.E., Author of ** A Complete and Practical Treatise on Cast and 
Wrought-Iron Bridge Construction," &c. &c. Demy 8vo, 4XX) pp., 
with 19 laige Plates, and numerous woodcuts, price iSf. cloth. 

Opinions of the Press, 

" This edition has undergone considerable improvement, and has been brought down 
to the present date. It is one of the first books of reference in existence." — Artisan. 

" Although issued as the sixth edition, the volume under consideraticm is worthy of 
being regarded, for all practical purposes, as an entirely new work . . . the book 
is imdoubtedly worthy of the highest commendation, and of an honourable place in 
the library of every engineer." — Mining Journal. 

*• An increased value has been given to this very valuable work by the addition of 
a large amount of information, which cannot prove otherwise thaif highly usefiU to 
those who require to consult it. ... . The arrangement and editmg of this 
mass of information has been undertaken by Mr. Humber, who has most ably fulfilled 
a task requiring special care and ability to render it a success, which this edition most 
certainly is. He has given the finishmg touch to the volume by introducing into it 
an uiteresting memoir of Professor Barlow, which tribute of respect, we are sure, will 
be appreciated by the members ofthe engineering profession." — Mechanics? Magazine, 

"A book which no engineer of any kind can afford to be without. In its present 
form its former value is much increased. "-:-C^)//}^;:v Guardian. 

*' The best book on the subject which has yet appeared. .... We know of 

no work that so completely fulfils its mission As a scientific work of the 

first class, it deserves a foremost place on the bookshelves of every civil engineer and 
practical mechanic." — English Mechanic. 

" There is not a pupil in an engineering school, an apprentice in an engineer's or 
architect's office^ or a competent clerk of works, who will not recognise in the scioitific 
volume newly given to circulation, an old and valued friend. . . So far as the strength 
of timber is concerned, there is no greater authority than Barlow." — Building News. 

" It is scarcely necessary for us to make any comment upon the first portion of 

the new volume Valuable alike to die student, tyro, and experienced 

practitioner, it will always rank in future, as it has hitherto done, as the standard 
treatise upon this particular subject" — Engineer. 

''The present edition offers some important advantages over previous ones. The 

additions are both extensive and valuable, comprising experiments by Hodgkinson on 

the streagih of cast-iron ; extracts from papers on the transvers'e strength of beams by 

Wl H. Barlow ; an article on the strength of columns ; experiments oy Fairbairn, on 

^wn and steel plates, on the behaviour of Orders subjected to the vibration of a 

ca^nging load, and on various cast and WTOus|ka-koti\>eaLtns ; «x^c«riments by KirkaMy^ 

«o wrought-iron and steel bars, and a short appendix, ol lotTSM^Ob.^ ttaA^ ^-^icatioo 

m computing the strains on bndgesj*— J£ng»n«en«j:. 
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Strains ^FormulcB & Diagrams for Calculation of. 

A HANDY BOOK for the CALCULATION of STRAINS 
in GIRDERS and SIMILAR STRUCTURES, and their 
STRENGTH j consisting of Formulseand Corresponding Diagrams, 
with numerous Details for Practical Application, &c. By William 
HuMBER, Assoc. Inst C.E., &c. Fcap. 8vo, with nearly lOO 
Woodcuts and 3 Plates, price 7j. dd. cloth. 

It is hoped that a small work, in a handy forfttt devoted entirely to Bridge and 
Girder Calculations, without giving more than is absolutely necessary for the complete 
solution of practical problems, will meet with ready acceptance front the engineering 
profession. One of the chief features of the present work is the extensive application 
of simply constrttctedTtiAGKAMs to the calculation of the strains on bridges and girders, 

*| To supply a universally recognised want of simple formulx, applicable to the 
varied problems to be met with in ordinary practice, Mr. Humber, whose works on 
modem en|;ineerine afford sufficient evidence of his qualifications for the task, has 
compiled his 'Handy Boole' The arrangement of the matter in this little volume is 

as convenient as it well could be The system of employing diagrams as a 

substitute for complex computations is one justly coming into great favoiur, and in that 
respect Mr. Humber's volume is fully up to the times.'* — Engineering. 

*' The formulae are neatly expressed, and the diagrams good." — Athenaum. 

*' That a necessity existed for the book is evident, we think ; that Mr. Humber has 

achieved his design is equally evident We heartily commend the really handy 

book to our engineer and architect readers." — English Mechanic. 

*' It is, in fact, what its name indicates, a handy book^ • •. • • fi^^i^S ^^ more than 
is absolutely necessary for the complete solution of practical problems." — Colliery 
Guardian. 

"This capital little work will suppljr a want, often found by engineers, viz., of 
having the requisite formulae for calculating strains in a complete form, and yet suffi- 
ciently portable to be carried in the pocket .... Almost every formula that could 
possibly be required, together with diagrams of strains, is put concisely, yet clearly, 
in a work of considerably less size than an engineering podcet book." — Artizan. 

Strains. 

THE STRAINS ON STRUCTURES OF IRONWORK; 
with Practical Remarks on Iron Construction. By F. W. Sheilds, 
M. Inst. C.E. Second Edition, with 5 plates. Royal 8vo, 5^. cloth. 

Contents . — Introductory Remarks ; Beams Loaded at Centre ; Beams Loaded at 
unequal distances between supports ; Beams uniformly Loaded ; Girders with triangu- 
lar bracing Loaded at centre ; JDitto, Loaded at unequal distances between supports ; 
Ditto, uniformly Loaded; Calculation of the Strains on Girders with triangular 
Basings ; Cantilevers ; Continuous Girders ; Lattice Girders ; Girders with Vertical 
Struts and Diagonal Ties; Calculation of the Strains on Ditto; Bow and String 
Girders ; Girders of a form not belonging to any regular figure ; Plate Girders ; Ap- 
portionments of Material to Strain ; Comparison of different Girders ; Proportion of 
Length to Depth of Girders ; Character of the Work ; Iron Roofs. 

Trigonometrical Surveying. 

AN OUTLINE OF THE METHOD OF CONDUCTING A 
TRIGONOMETRICAL SURVEY, for the Formation of Geo- 
graphical and Topographical Maps and Plans, Military Recon- 
naissance, Levelling, &c., with the most useful Problems hi Geodesy 
and Practical Astronomy, and Formulae and Tables for Facilitating 
their Calculation. By Major-General Frome, R.E., Inspector- 
General of Fortifications, &c. Third Edition, revised ^.^d.vcKsgt^-^^^- 
With 10 Plates and 113 WoodcuU. "Bjo^ii^NQ, \is. OtfiCia.. 
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Hydraulics. 



HYDRAULIC TABLES, CO-EFFICIENTS, and FORMULAE 
for finding the Discharge of Water from Orifices, Notches, Weirs, 
Pipes, and Rivers. By John Neville, Civil Engineer, M.R.LA. 
Second Edition, with extensive Additions, New Formulae, Tables, 
and General Information on Rain-fall, Catchment-Basins, Drainage, 
Sewerage, Water Supply for Towns and Mill Power. With nume- 
rous Woodcuts, 8vo, i6j. cloth. 

•»♦ This work contains a vast number of different hydraulic 
formulae, and the most extensive and accurate tables yet published 
for finding the mean velocity of discharge from triangular, quadri- 
lateral, and circular orifices, pipes, and rivers ; with experimental 
results and co-effidents ; effects of friction ; of the velocity of 
approach ; and of curves, bends, contractions, and expansions ; the 
best form of channel ; the drainage effects of long and short weirs, 
and weir-basins ; extent of back-water from weirs ; contracted 
channels ; catchment-basins ; hydrostatic and hydraulic pressure ; 
water-power, &c. &c. 



Levelling. 

A TREATISE on the PRINCIPLES and PRACTICE of 
LEVELLING ; showing its Application to Purposes of Railway 
and Civil Engineering, in the Construction of Roads ; with Mr. 
Telford's Rules for the same. By Frederick W. Simms, 
F.G.S., M. Inst. C.E. Fifth Edition, very carefully revised, with 
the addition of Mr. Law's Practical Examples for Setting out 
Railway Curves, and Mr. Trautwine's Field Practice of Laying 
out Circular Curves. With 7 Plates and numerous Woodcuts. 8vo, 
&r. (id, cloth. %* Trautwine on Curves, separate, price 5j. 

" One of the most important text-books for the general surveyor, and there is 
scarcely a question connected with levelling for which a solution would be sought but 
that would be satbfactorily answered by consulting the volume."— ^/n/»^ youmal. 

'* The text-book on levelling in most of our engineering schools and colleges."— 
Engineer. 

"The publbhers have rendered a substantial service to the profession, especially to 
the younger members, by bringing out the present edition of Mr. Simms's useful work." 
•—Ef^ineerif^. 

Tunnelling. 

PRACTICAL TUNNELLING ; explaining in Detail the Setting 
out" of the Works ; Shaft Sinking and Heading Driving ; Ranging 
the Lines and Levelling Under-Ground ; Sub- Excavating, Tinker- 
ing, and the construction of the Brickwork of Tunnels ; with the 
Amount of Labour required for, and the Cost of the various Por- 
tions of the Work. By Fredk. W. Simms, F.R.A.S., F.G.S., 
M. Inst C.E., Author of **A Treatise on the Principles and 
Practice of Levelling," &c. &c Second Edition, revised by W. 
JDavis Haskoll, Civil Engineer, Author of **Tbe Engineer's 

Field-Book, " &c. &c. With 16 large io\^\a^ '5\ate& and Bumerous 

Woodcuts. Imperial 8vo, 1/. \s. dolK 
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Strength of Cast Iron, &c. 

A PRACTICAL ESSAY on the STRENGTH of CAST IRON 
and OTHER METALS ; intended for the Assistance of Engineers, 
Iron-Masters, Millwrights, Architects, Founders, Smiths, and 
others engaged in the Construction of Machines, Buildings, &c. ; 
containing Practical Rules, Tables, and Examples, founded on a 
series of New Experiments ; with an Extensive Table of the Pro- 
perties of Materials. By the late Thomas Tredgold, Mem. Inst. 
C.E., Author of ** Elementary Principles of Carpentry," ** History 
of the Steam- Engine," &c. Fifth Edition, much improved. 
Edited by Eaton Hodgkinson, F.R.S. ; to which are added 
EXPERIMENTAL RESEARCHES on the STRENGTH and 
OTHER PROPERTIES of CAST IRON ; with the Develop- 
ment of New Principles, Calculations Deduced from them, and 
Inquiries Applicable to Rigid and Tenacious Bodies generally. By 
the Editor. The whole Illustrated with 9 Engravings and nume- 
rous Woodcuts. 8vo, I2s, cloth. 

%* HODGKINSON*S EXPERIMENTAL RESEARCHES ON THE 

Strength and Other Properties of Cast Iron may be had 
separately. With Engravings and Woodcuts. 8vo, price or. cloth. 

The High-Pressure Steam Engine. 

THE HIGH-PRESSURE STEAM ENGINE; an Exposition 
of its Comparative Merits, and an Essay towards an Improved 
System of Construction, adapted especially to secure Safety and 
Economy. By Dr. Ernst Alban, Practical Machine Maker, 
. Plau, Mecklenberg. Translated from the German, with Notes, by 
Dr. Pole, F.R.S., M. Inst. C.E., &c. &c. With 28 fine Plates^ 
8vo, \(ys, 6d, cloth. 

" A work like this, which goes thoroughl^r into the examination of the high-x»ressure 
engine, the hoiler, and its appendages, &c.» is exceedingly useful, and deserves a place 
in every scientific library." — Steam Shipfing Chronicle, 

Tables of Curves. 

TABLES OF TANGENTIAL ANGLES and MULTIPLES 
for setting out Curves from 5 to 200 Radius. By Alexander 
Beazeley, M. Inst. C.E. Printed on 48 Cards, and sold in a 
cloth box, waistcoat-pocket size, price Jj. 6^. 

" Each table is printed on a small card, which, being placed on the theodolite, leaves 
the hands free to manipulate the instrument — no small advantage as regards the rapidity 
of work. Hiey are clearly printed, and compactly fitted into a small case for the 
pocket — an arrangement that will recommend them to all practical men.** — Eftgineer. 

** Verv handy : a man may know that all his day's work must fall on two of these 
cards, wnich he puts into his own card-case, and leaves the rest hdund."— A (Aetutufn. 

Laying Out Curves. 

THE FIELD PRACTICE of LAYING OUT CIRCULAR 
CURVES for RAILROADS. By John C. Trautwine, C.E., 
of the United States (extracted from Simms's WqxVl cscl Vrs^ssm^, 
8vo, 5^. sewed. 
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Estimate and Price Book. 

THE CIVIL ENGINEER'S AND CONTRACTOR'S ESTI- 
MATE AND PRICE BOOK for Home or Foreign Service : 
in reference to Roads, Railways, Tramways, Docks, Harbours, 
Forts, Fortifications, Bridges, Aqueducts, Tunnels, Sewers, Water- 
works, Gasworks, Stations, Barracks, Warehouses, &c. &c. &c. 
With Specifications for Permanent Way, Telegraph Materials, 
Plant, Maintenance, and Working of a Railway ; and a Priced List 
of Machinery, Plant, Tools, &c. , required in the execution of Public 
Works. By W. Davis Haskoll, C.E. Plates and numerous 
Woodcuts. Published annually. Demy 8vo, cloth, 6^. 

"As furnishing a variety of data on every conceivable want to civil engineers and 
contractors, this oook has ever stood perhaps unrivalled."— yJrcAt/^r/, Jan. 31, 1871. 

" The care with which the particulars are arranged reflects credit upon the author, 
each subject being divided into tables under their own special heads, so that no 
difficulty arises in finding the exact thin^ one wants. The value of the wwk to the 
student and the experienced contractor is inestimable." — Mechanic's Mag., Feb. 3. 

"Mr. Haskoll has bestowed very great care upon the preparation of his estimates 
and prices, and the work is one which appears to us to be in every way deserving of 
confidence." — Buildet's Weekly Reporter, Jan. 27, 1871. 

" Mr. HaskoU's book will prove of the utmost possible utility to the profession. 
The particulars are equally aoapted to all branches of engineering. The manner in 
which the specifications are given leaves nodiing to be desired, and to many youn^ 
engineers they will prove invaluable. - Even in the hands of those having some expe- 
rience the book will often serve to call attention to matters which in the haste of 
estimating might otherwise be forgotten. It is altogether a work which few practising 
engineers will care to be without."— -J/t'iuTa^ JounuU, Feb. xz, 1871. 

Surveying (Land and Marine). 

LAND AND MARINE SURVEYING, in Reference to the 
Preparation of Plans for Roads and Railways, Canals, Rivers, 
Towns* Water Supplies, Docks and Harbours ; with Description 
and Use of Surveying Instruments. By W. Davis Haskoll, C. E., 
Author of "The Engineer's Field Book," " Examples of Bridge 
and Viaduct Construction," &c. Demy 8vo, price I2J. 6^. clo£, 
with 14 folding Plates, and numerous Woodcuts. 

** * Land and Marine Surveying* is a most useful and well arranged book for the 
aid of a student .... We can strongly recommend it as a carefully-written 
and valuable text-book." — Builder, July 14, 1868. 

" He only who is master of his subject can present it in such a Mcay as to make it 
intelligible to the meanest capacity. It is in this that Mr. Haskoll excels. He has 
luiowledge smd experience, and can so give expression to it as to make any matter on 

which he writes, clear to me youngest pupil in a surveyor's office The 

work will be found a useful one to men of experience, for there are few such who \rill 
not get some good ideas from it ; but it is indispensable to the young practitioner." — 
Colliery Guardian, May 9, 1868. 

** A volume which cannot fail to prove of the utmost practical utility. . -. . . It 

is one which may be safely recommended to all students who aspire to become dean 

and expert surveyors ; and from the exhaustive manner in which Mr. Ha^oU has 

/xZaced his long experience at the disposal of his readers, there will henceforth be no 

excuse for the complaint that young practitioners are at a disadvantage, through the 

neglect of their seniors to point out the importaxvce of minute details, since they can 

readily supply the deficiency by the study ct Che voVumft i«w Mivd«x coxk&ldei&tion."— 

^^f'^'^tg' 7oumai, Mays, 1868. 
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Fire Engineering. 



FIRES, FIRE-ENGINES, AND FIRE BRIGADES. With 
a History of Manual and Steam Fire-Engines, their Construc- 
tion, Use, and Management ; Remarks on Fire-Proof Build- 
ings, and the Preservation of Life from Fire ; Statistics of the Fire 
Appliances in English Towns ; Foreign Fire Systems ; Hints for 
the formation of, and Rules for. Fire Brigades ; and an Account of 
American Steam Fire-Engines. By Charles F. T. Young, C.E., 
Author of **The Economy of Steam Power on Common Roads," 
&c With numerous Illustrations, Diagrams, &c, handsomely 
printed, 544 pp., demy 8vo, price i/. 4?. cloth. 

** A large well-filled and useful book upon a subject which possesses a wide and 

increasing public interest To such of our readers as are interested in the 

subject of fires and fire apparatus we can most heartily commend this book. .... 
It is really the only English work we now have upon uie subject." — Engineeriiig. 

" Mr. Youn|^ has proved by his present work that he is a good engineer, and pos- 
sessed of sufficient literary energy to produce, a very readable and interesting volume." 
— Engineer. 

*' Fire, above all the elements, is to be dreaded in a great city, and Mr. Young 
deserves hearty thanks for the elaborate pains, benevolent spirit, scientific knowledge, 
and lucid exposition he has brought to bear upon the subject ; and his substantial book 
should meet with substantial success, for it concerns every one who has even a skin 
which is not fireproof." — Illustrated Lofulon News. 

*'A volume which must be regarded as the text-book of its subject, and whidi in 
point of interest and intrinsic value is second to no contribution to a special depart- 
ment of history with which we are acquainted. * Fires, Fire-Engines, and Fire 
Brigades ' is the production of an earnest and diligent writer who comes to the task he 
has undertaken with a thorough love of it, and a firm determination to do it justice. 

. . . . The style of the work is admirable It has the surpassing 

merit of being thoroughly reliable." — Insurance Record. 

** That Mr. Young's treatise is an exhaustive one will be admitted when we state 
that there does not appear to be anythmg within the scope of his comprehensive title 
that has been left unnoticed. An immense amount of the most varied information 
relating to the subject has been collected from every conceivable source, and goes to 
form a history full of abiding interest. Great credit is unquestionably due to Mr. 
Young for having brought before the public the results of his exploration in this hitherto 
untrodden field. We strongly recommend the book to the notice of all who are in 
any way interested in fires, fire-engines, or fire-brigades." — Mec/ianics* Magazine. 

Earthwork^ Measurement and Calculation of. 

A MANUAL on EARTHWORK. By Alex. J. S. Graham, 
C.E., Resident Engineer, Forest of Dean Central Railway. With 
numerous Diagrams. iSmo, 2s, 6d, cloth. 

** We can cordially recommend the work to the notice of our readers." — Building 
News. 

*' As a really handy book for reference, we know of no work equal to it ; and the 
railway engineers and others employed in the measurement and calculation of earth- 
work will fmd a great amount of practical information very admirably arranged, and 
available for general or rough estimates, as well as for the more exact calculations 
required in the engineers' contractor's offices." — Artizan. 

** The object of- this little book is an investigation of all the principles reqnbite for 
the measurement and calculation of earthworks, and a consideration of the data neces- 
sary for such operations. The author has evidently bestowed much care in effecting 
this object, and points out with much clearness the results of his ovm observations, 
derived from practical experience. The subjects treated of are accompanied by well- 
executed diagrams and instructive examples. — Army and. Navy GoMtic. 
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Field-Book for Engineers. 



THE ENGINEER'S, MINING SURVEYOR'S, and CON- 
TRACTOR'S FIELD-BOOK. By W. Davis Haskoll, Civil 
Engineer. Second Edition, much enlarged, consisting of a Series 
of Tables, with Rules, Explanations of Systems, and Use of Theo- 
dolite for Traverse Siurveying and Plotting the Work with minute 
accuracy by means of Straight Edge and Set Square only ; Levelling 
with the Theodolite, Castmg out and Reducing Levels to Datum, 
and Plotting Sections in the ordinary manner; Setting out Curves 
with the Theodolite by Tangential Angles and Multiples with Right 
and Left-hand Readings of the Instrument; Setting out Curves 
without Theodolite on the System of Tangential Angles by Sets of 
Tangents and Offsets ; and Earthwork Tables to 80 feet deep cal- 
culated for every 6 inches in depth. With numerous wood-cuts, 
i2mo, price \2s» cloth. 

"A very useful work for the practical engineer and surveyor. Every person 
ensaeed in engineering field operations will estimate the importance of such a work 
and ue amount of valuable time which will be saved by reference to a set of reliable 
tables prepared with the accuracy and fulness of those given in this volume."— i?a<7- 
way News, 

" The book is very handy, and the author might have added that the separate tables 
of sines aiKl tangents to every minute will make it useful for many other purposes, the 
genuine traverse tables existmg all the same." — Athemeufn, 

'* The wcnrk forms a handsome pocket volume, and cannot fail, from its portability 
and utUity, to be extensively patronised by the engineering profession. ''—-JkfMwVit^ 
yaufna/. 

" We know of no better field-book of reference or collection of tables than that 
Mr. HaskoU has given." — Artizan. 

*' A series of tables likely to be very useful to m^y civil engineers." — Building News. 

** A very useful book of tables for expediting field-work operations. . . . The present 
edition has been much enlarged." — Mechanic^ Magazine. 

** We strongly recommend this second edition of Mr. Haskoll's ' Field Book' to all 
classes of surveyors." — Colliery Guardian. 

Railway Engineering. 

THE PRACTICAL RAILWAY ENGINEER. A concise 
Description of the Engineering and Mechanical Operations and 
Structures which are combined in the Formation of Railways for 
Public Traffic ; embracing an Accoimt of the Principal Works exe- 
cuted in the Construction of Railways ; with Facts, Figures, and 
Data, intended to assist the Civil Engineer in designing and executing 
the important details required. By G. Drysdale Dempsey, C.E. 
Fourth Edition, revised and greatly extended. With 71 double 
quarto Plates, 72 Woodcuts, and Portrait of George Stephenson. 
One laige vol. 4to, 2/. I2s. 6d, cloth. 

Harbours. 

THE DESIGN and CONSTRUCTION of HARBOURS. By 

Thomas Stevenson, F.R.S.E., M.I.C.E. Reprinted and en- 

iai^ed from the Article "Harbours," in the Eighth Edition of " The 

Encyclopaedia, Britannica,*' With 10 Plates and numerous Cuts. 

8vo, los. 6i/, cloth. 
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Bridge Construction in Masonry, Timber, and 
Iron. 

EXAMPLES OF BRIDGE AND VIADUCT CONSTRUC- 
TION OF MASONRY, TIMBER, AND IRON ; consisting of 
46 Plates from the Contract Drawings or Admeasurement of select 
Works. By W. Davis Haskoll, C.E. Second Edition, with 
the addition of 554 Estimates, and the Practice of Setting out Works, 
, illustrated with 6 pages of Diagrams. Imp. 4to, price 2/. I2J. (kU 
half-morocco. 

'** One of the very few works extant descending to the level of ordinary routine, and 
treating on the common cvery-day practice of the railway engineer. ... A work of 
the present nature by a man of Mr. HaskoU's experience, must prove invaluable to 
hundreds. The tables of estimates appended to this edition will considerably enhance 
its value." — Engineering. 

" We must express our cordial approbation of the work just issued by Mr. Haskoll. 
.... Besides examples of the best and most economical forms of bridge construction, 
the author has compiled a series of estimates which cannot fail to be of service to the 
practical man. . . . The examples of bridges are selected from those of the most notable 
construction on the different lines of the kingdom, and their details may consequently 
be safely followed." — Railway News. 

" A very valuable volume, and may be added usefully to the library of every young 
engineer. —Builder. 

** An excellent selection of examples, very carefully dravm to useful scales of pro- 
portion." — Artizan. 

Mathematical and Drawing Instruments. 

A TREATISE ON THE PRINCIPAL MATHEMATICAL 
AND DRAWING INSTRUMENTS employed by the Engineer, 
Architect, and Surveyor. By Frederick W. Simms, F.G.S., M. 
Inst. C.E., Author of "Practical Tunnelling," &c. &c. Third 
Edition, with a Description of the Theodolite, together with Instruc- 
tions in Field Work, compiled for the use of Students on commenc- 
ing practice. With numerous Cuts. i2mo, price 3^. dd, cloth. 

Oblique Arches. 

A PRACTICAL TREATISE ON THE CONSTRUCTION of 
OBLIQUE ARCHES. By John Hart. Third Edition, with 
Plates. Imperial 8vo, price %s. cloth. 

*^ 77ie small remaining stock of this work, which has been un* 
obtainable for some time J hcLs just beett purchased by LocKWOOD & Co. 

Oblique Bridges. 

A PRACTICAL and THEORETICAL ESSAY on OBLIQUE 
BRIDGES, with 13 large folding Plates. By Geo. Watson 
Buck, M. Inst. C.E. Second Edition, corrected by W. H. 
Barlow, M. Inst. C.E. Imperial 8vo, \2s. cloth. 

" The standard text-book for all engineers regarding skew arches, is Mr. Buck's 
treadse, and it would be impossible to consult a better." — Engineer. 

"A very complete treatise on the subject, re-edited by Mr. Barlow, who has added 
to it a method of making the requisite calculations Mrithout the use of trigonometrical 
formulae."— ^»«Vi/(fr. 



14 WORKS PUBLISHED BY LOCKWOOD & CO. 

Weale's Series of Rudimentary Works. 

These highly popnlar and cheap Series of Books, now oomprlsing 
upwards of Two Hundred and Fifty distinct Works in almost every 
department of Science, Art, and Education, are recommended to the 
notice of Engineers, Architects, Builders, Artizans, and Students gene- 
rally, as well as to those interested in Workmen's Ijibrarfes, Free 
lilbrsiries, Ijiterary and Scientific Institutions, Oolleges, Schools, Science 
Classes, ftc., ftc. Iiists of the several Series may be had on application 
to IiOCSWOOD a: CO. 

The following is a Selection of the Works on Civil Engineering: — 

STEAM ENGINE. By Dr. Lardneb. i*. 

TUBULAR AND IRON GIRDER BRIDGES, including the Britannia and 
Conway Bridges. By G. D. Dbmpsey. ij. 6d. 

STEAM BOILERS, their Construction and Management. By R. Armstrong. 
With Additions, is. 6d. 

RAILWAY CONSTRUCTION. By Sir M. Stephenson. New Edition, 9s.jSd. 

STEAM ENGINE, Mathematical Theory of. By T. Baker, is. 

ENGINEER'S GUIDE TO THE ROYAL AND MERCANTILE NAVIES. 
By a Practical Engineer. Revised by D. F. McCarthy, y. 

LIGHTHOUSES, their Construction and Illumination. By Alan Stevenson. 3;. 

CRANES AND MACHINERY FOR RAISING HEAVY BODIES, the Art of 
Constructing. By J. Glynn, is, 

CIVIL ENGINEERING. By H. Law and G. R. Burnell. New Edition, ss. 
DRAINING DISTRICTS AND LANDS. By G. D. Dempsey. xs.6d, ) The 
DRAINING AND SEWAGE OF TOWNS AND BUILDINGS. By f 2 vols, in i, 
G. D. Dempsey. 2*. J 3*« 

WELL-SINKING, BORING, AND PUMP WORK. By J. G. Swindell ; 
Revised by G. R. Burnell. ij. 

ROAD-MAKING AND MAINTENANCE OF MACADAMISED ROADS. 
By Gkn. Sir J. Burgoyne. xs. 6d. 

AGRICULTURAL ENGINEERING> BUILDINGS, MOTIVE POWERS, 
FIELD MACHINES, MACHINERY AND IMPLEMENTS. By G. H. 
Andrews, C.E. y, 

ECONOMY OF FUEL. By T. S. Prideaux. is. 6d. 

EMBANKING LANDS FROM THE SEA. By J. Wiggins. «. 

WATER POWER, as applied to Mills, &c By J. Glynn, as. 

GAS WORKS, AND THE PRACTICE OF MANUFACTURING AND 
DISTRIBUTING COAL GAS. By S. Hughes, C.E. 3*. 

WATERWORKS FOR THE SUPPLY OF CITIES AND TOWNS: By S. 
Hughes, C.E. 3^. 

SUBTERRANEOUS SURVEYING, AND THE MAGNETIC VARIATION 
OF THE NEEDLE. By T. Fenwick, with Additions by T. Baker. 2s. 6d. 

CIVIL ENGINEERING OF NORTH AMERICA. By D. Stevenson. 3*. 

HYDRAULIC ENGINEERING. By G. R. Burnell. 3^. 

RIVERS AND TORRENTS, with the Method of Regulating their Course and 
Channels, Navigable Canals, &c., from the Italian of Paul Frisi. zr. 6d. 

COMBUSTION OF COAL AND THE PREVENTION OF SMOKE. By 
C. Wye Williams, M.I. C.E. 3^. 

WATER POWER, as applied to Mills, &c. By J. Glynn, ar. 

MARINE ENGINES and STEAM VESSELS and the SCREW. By Robert 
Murray, C.E, Fifth Edition. 3*. 

ENGINEER'S GUIDE TO THE ROYAL AND MERCANTILE NAVIES. 
Sy SL P-RACT/CAt Engineer. Revised by D. ¥. "M-cCKKtwi. 
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ARCHITECTURE. 

* 

Constrtiction. 

THE SCIENCE of BUILDING : an Elementary Treatise on 
the Principles of Construction. Especially adapted to the Re- 
quirements of Architectural Students. By E. Wyndham Tarn, 
M.A., Architect. Illustrated with 47 Wood Engravings. Demy 
8vo, price &•. 6d, cloth. \Recently published, 

** A very valuable book, which we strongly recommend to all studcDts."-— Builder. 

" A modest and valuable book of reference for the student. . . . The formolae will 
be found perfectly intelUgible and available by the class for whom they are intended.*' — 
AiAemeum. 

"While Mr. Tarn*s valuable little volume is quite sufficiently scientific to answer 
the purposes intended, it is written in a style that will deservedly make it popular. 
The diagrams are numerous and exceedingly well executed, and the student who has 
been warned not to read small print at night may safely study the present volume, as 
the type is bold and clear, and the lettering of the equations and formuls so sraarated 
from the immediate text, that they can be at once identified and distinguisheo. The 
treatise does credit alike to the author and the publisher." — EngineeTf Feb. 17, 1871. 

'*No architectural student should be without this hand-book of constructional 
knowledge." — A rchitect. 

"The book is very far from being a mere compilation ; it is an able digest of 
iiiformation which is only to be found scattered through various works, and contains 
more really original writing than many putting forth fiau: stronger claims to orisinality. 
.... Mr. Tarn has done his work exceedingly well, and he has produced a book 
which ought to earn him the thanks of all archilectiu^ students. The book is clearly 
printed in bold type, the wood-cuts are all well executed, and the work is made of a 
very convenient size for reference." — Engineering, 

Villa Architecture. 

A HANDY BOOK of VILLA ARCHITECTURE ; being a 
Series of Desk^ns for Villa Residences in various Styles. With 
Detailed Specifications and Estimates. By C. Wickes, Architect, 
Author of " The Spires and Towers of the Mediaeval Churches of 
England," &c. First Series, consisting of 30 Plates ; Second 
Series, 31 Plates. Complete in i vol., 4to, price 2/. loj. half 
morocco. Either Series separate, price i/. *js» each, half morocco. 

" The whole of the designs bear evidence of their being the work of an artistic 
architect, and they Mrill prove very valuable and suggestive to architects, students, and 
amateurs." — Builaing Nevus, 

The Architect's Guide. 

THE ARCHITECTS GUIDE ; or, Office and Pocket Com- 
panion for Engineers, Architects, Land and Building Surveyors, 
Contractors, Builders, Clerks of Works, &c By W. Davis 
Haskoll, C.E., R. W. Billings, Architect, F. Rogers, and 
P. Thompson. With numerous Experiments by G. Rennie, 
C.E., &c. Woodcuts, i2mo, cloth, price 3J. 6d. 

Vitruvius' Architecture. 

THE ARCHITECTURE OF MARCUS VITRUVIUS 
POLLIO. Translated by Joseph Gwilt, F.S.A., F.R.A.S. 
Numerous Plates. i2mo, cloth limp, price 5^. 
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The Young Architecfs Book. 

HINTS TO YOUNG ARCHITECTS ; comprising Advice to 
those who, while yet at school, are destined to the Profession ; to 
such as, having passed their pupilage, are about to travel ; and to 
those who, having completed their education, are about to practise. 
By George Wightwick, Architect, Author of " The Palace of 
Architecture," &c. &c Second Edition. With nimierous Wood- 
cuts. 8vo, yj*., extra cloth. 

Drawing for Builders and Students. 

PRACTICAL RULES ON DRAWING for the OPERATIVE 
BUILDER and YOUNG STUDENT in ARCHITECTURE. 
By George Pyne, Author of a ** Rudimentary Treatise on Per- 
spective for Beginners." With 14 Plates, 4to, 7^. 6^/., boards. 

Contents. — I. Practical Rules on Drawing — Outlines. II. Ditto— the Greciac 
and Roman Orders. III. Practical Rules on Drawing — Perspective. IV. Practical 
Rules on Light and Shade. V. Practical Rules on Colour, &c. &c 

Cottages^ Villas^ and Country Houses. 

DESIGNS and EXAMPLES of COTTAGES, VILLAS, and 
COUNTRY HOUSES ; being the Studies of several eminent 
• Architects and Builders ; consisting of Plans, Elevations, and Per- 
spective Views ; with approximate Estimates of the Cost of each. 
In 4to, with 67 plates, price i/. ij"., cloth. 

Wealis Builders and Contractor's Price Book. 

THE BUILDER'S AND CONTRACTOR'S PRICE BOOK 
(LocKWOOD & Co.'s, formerly Weale's). Published Annually. 
Containing Prices for Work in all branches of the Building Trade, 
with Items numbered for easy reference, and an Appendix of 
Tables, Notes, and Memoranda, arranged to afford detailed infor- 
mation, commonly required in preparing Estimates, &c. Originally 
Edited by the late Geo. R. Burnell, C.E., &c i2mo, 4^., cloth. 

"A multitu(Unous variety of useful information for builders and contractors 

With its aid the prices for all work connected with the building trade may be esti- 
mated. " — Building News. 

*' Carefully revised, admirably arranged, and clearly printed, it offers at a glance a 
ready method of preparing an estimate or specification upon a basis that is imquestion- 
able. A reliable book of reference in the event of a dispute between employer and 
employed,*'— 'Engineer. 

'* Well done and reliable. It is the duty of a just critic to point out where any 
improvement can be made in any work, but Mr. Burnell has anticipated all objections 
in nis clearly-printed book. We therefore recommend it to all branches of the pro- 
fession." — English Mechanic. 

"Mr. Burnell has omitted nothinz from this work that could tend to render it 
valuable to the buildei^r contractor. — Mechanic's Magazine. 

*' It must find its place on the table of every civil engineer, builder, and contractor, 
as a standard work of reference." — Artizan. 

*' Well done and reliable. It is the duty of a just critic to i>oint out where any 
improvement ca.n be made in any work, but Mr. Burnell has anticipated all objections 
in htH clearly pnnted book. We therefore recommend it to all branches of the 
profession. "—£ng/isA Mechanic. 
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Handbook of Specifications. 

THE HANDBOOK OF SPECIFICATIONS; or, Practical 
Guide to the Architect, Engineer, Surveyor, and Builder, in drawing 
up Specifications and Contracts for Works and Constructions. 
Illustrated by Precedents of Buildings actually executed by eminent 
Architects and Engineers. Preceded by a Preliminary Essay, and 
Skeletons of Specifications and Contracts, &c., &c., and explained 
by numerous Lithograph Plates and Woodcuts. By Professor 
Thomas L. Donaldson, President of the Royal Institute of British 
Architects, Professor of Architecture and Construction, University 
College, London, M.I.B.A., Member of the various European 
Academies of the Fine Arts. With A Review of the Law of 
CeNTRACTS, and of the Responsibilities of Architects, Engineers, 
and Builders. By W. Cunningham Glen, Barrister-at-Law, of 
the Middle Temple. 2 vols., 8vo, with upwards of 1 100 pp. of 
text, and 33 Lithographic Plates, cloth, 2/. 7^, 

' ' In these two volumes of i, loo pages (together), for^-four specifications of executed 
works are given, including the specifications for parts of the new Houses of Parliament^ 
by Sir Charles Barry, and for the new Royal Exchange, by Mr. Tite, M.P. The 
latter, in particular, is a very complete and remarkable document It embodies, to a 
great extent, as Mr. Donaldson mentions, * the bill of quantities, with the description 
of the works,' and occupies more than loo printed pages. ^ 

" Amon^t the other known buildings, the specifications of which are g^ven, are 
the Wiltshire Lunatic Asylum (Wyatt and Brandon) ; Tothill Fields Prison (R. Abra- 
ham) ; the City Prison, Holloway (Bunnine) ; the High School, Edinburgh (Hamilton) ; 
Clothworkers' Hall, London (Angel) ; Wellington College, Sandhurst (J. Shaw) ; 
Houses in Grosvenor Square, and elsewhere ; St. George's Church, Doncaster 
(Scott)^ ; several works of smaller size by the Author, including Messrs. Shaw's Ware- 
house in Fetter Lane, a very successful elevation ; the Newcastle-upon-Tyne Railway 
Station (J. Dobson) ; new Westminster Bridge (Page) ; the High Level Bridge, N^jwr- 
castle (R. Stephenson) ; various works on the Great Northern Railwav (Brydone) ; 
and one French specification for Houses in the Rue de Rivoli, Paris (MM. Armand, 
HittorfF, Pellechet, and Rohault de Fleury, architects). The last is a very elaborate 
composition, occupying seventy pages. The majority of the specifications have illus- 
trations in the shape of elevations and plans. 

"We are most glad to have the present work. It is valuable as a record, and more 
valuable still as a book of precedents. 

"About 140 paees of the second volume are appropriated to an exposition of the 
law in relation to tne legal liabilities of engineers, architects, contractors, and builders, 
by Mr. W. Cunningham Glen, Barrister-at-Iaw ; intended rather fur those persons 
than for the legal practitioner. Suffice it, in conclusion^ to say in words what our 
readers will have gathered for themselves from the particulars we have given, that 
Donaldson's Handbook of Specifications must be bought by all architects." — Builder » 



Mechanical Engineering. 



A PRACTICAL TREATISE ON MECHANICAL ENGI- 
NEERING : comprising Metallurgy, Moulding, Casting, Forging, 
Tools, Workshop Machinery, Mechanical Manipulation, Manufac- 
ture of the Steam Engine, &c. &c. With an Appendix on the 
Analysis of Iron and Iron Ore, and Glossary of Terms. By Francis 
Campin, C.E. Illustrated with 91 Woodcuts and 28 Plates of 
Slotting, Shaping, Drilling, Punching, Shearing, and Riveting 
Machines — Blast, Refining, and Reverberatory Furnaces — Steam 
Engines, Governors, Boilers, Locomotives, &c. Demy 8vo, cloth, 
price I2J'. 
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Grantham s Iron Ship-Buildings enlarged. 

ON IRON SHIP-BUILDING ; with Practical Examples and 
Details. Fifth Edition. Imp. 4to, boards, enlarged from 24 to 40 
Plates (21 quite new), including the latest Examples. Together 
with separate Text, i2mo, cloth limp, also considerably enlarged, 
ByJOHN Grantham, M. Inst. C.E., &c Price 2/. tj, complete. 



Description of J^lates, 
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5. 
6. 
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>3. 
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14. 
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Hollow and Bar Keds, Stem and 
Stem Posts. [Pieces. 

Side Frames, Floorings, and Bilge 

Floorings coniintted^Yi^ionSi Deck 
Beams, Gunwaljes, and Stringers. 

Gunwales contittued — Lower Decks, 
and Orlop Beams. 

Gunwales and Deck Beam Iron. 

Angle>Iron, T Iron. Z Iron, Bulb 
Iron, as Rolled for Building. 

Rivets, shown in section, natural si2e ; 
Flush and Lain)ed Joints, with 
Single and Douole Riveting. 

Plating, three plans ; Bulkheads and 
Modes of Securing them. 

Iron Masts, with Longitudinal and 
Transverse Sections. 

Slidine Keel, Water Ballast,Moulding 
the Frames in Iron Ship Building, 
Levelling Plates. 

Longitudinal Section, and Half- 
breadth Deck Plan of Large Vessels 
on a reduced Scale. 

Midship Sections of Three Vessels. 

Large Vessel, showing Details — Fore 
End in Section, and End View, 
with Stem Post, Crutches, &c. 

Large Kmj ^/,showing "Detsdls—Afier 
End in Section, with End View, 
Stem Frame for Screw, and Rudder. 

Large K«jtf/, showing Details— J/ii/- 
ship Section^haXi breadth. 

Machines for Punching and Shearing 
Plates and Angle-Iron, and for 
Bending Plates ; Rivet Hearth. 

Beam-Bending Machine, Indepen- 
dent Shearuig, Punching and Angle- 
Iron Machine. 



15^. Double Lever Punching and Shearing 
Machine, arranged for cutting 
Angle and T Iron, with Dividing 
Table and Engine. 

Machines , — Garforth's Riveting^ Ma- 
chine, Drilling and Count(y|-Smking 
Machine. 

Plate Planing Machine. 

Air Furnace for Heating Plates and 
Angle-Iron : Various Tools used in 
Riveting and Plating. 

Gunwale ; Keel and Flooring ; Plan 
for Sheathing with Copper. 
i8a. Grantham's Improved Plan of Sheath- 
ing Iron Ships with Copper. 

Illustrations of the Magnetic Condi- 
tion of various Iron Smps. 

Gray's Floating Compass and Bin- 
nacle, with Adjusting Magnets, &c. 

Corroded Iron Bolt in Frame of 
Wooden Ship ; Jointing Plates. 
Great Eastern — Longitudinal Sec- 
tions and Half-breadth Plans — Mid- 
ship Section, with Details — Section 
in Engine Room, and Paddle Boxes. 
25-6. Paddle Steam Vessel of Steel. 
27. Scarbrough — Paddle Vessel of SteeL 
28-9. Proposed Passenger Steamer. 
30. Persian — Iron Screw Steamer. 

Midship Section of H.M. Steam 
Frigate, Warrior. 

Midship Section of H.M. Steam 
Frigate, Hercules. 

Stem, Stern, and Rudder of H.M. 
Steam Fri^^te, Bellerophan, 

Midship Section of H. M. Troop Ship, 
Ser^bis.^ 

Iron Floating Dock. 



16. 

1 6a. 
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18. 



19. 



30. 



21. 



22-4. 



31- 
32. 

33- 
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"An enlarged edition of an elaborately illustrated work." — Builder^ July ix, x868. 

** This edition of Mr. Grantham's work has been enlarged and improved, both with 
respect to the text and the engravings being brought down to the presoit period. . . . 
The practical operations required in producmg a ^ipare described and illustrated with 
care and precbion." — Mechanics' Magazine, July 17, 1868. 

" A thoroughly practical work, and every question of the many in relation to iron 
shipping which admit of diversity of opinion, or have various and conflicting personal 
interests attached to them, is treated with sober and impartial wisdom and good sense. 
. . . . As good a volume for the instmction of the pupil or student of iron naval 
architecture as can be found in any language." — Practical Mechanic's yowmalt 
August, 1868. 

** A veiy elaborate work. . . . It forms a most valuable addition to the history 

mfirtm shipbuilding, while its having been prepared by one who has made the subject 

bis study far many years, and whose qualifications have been repeatedly recognised, 

nrffl recommend it as one of practical udiity to aVLmlereated in shipbuilding."-- yfnmry 

a^u^JSTavy Gazette, July 11, x868. 
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CARPENTRY, TIMBER, &c. 

♦ 

Tredgold's Carpentry, new & enlarged Edition. 

THE ELEMENTARY PRINCIPLES OF CARPENTRY : 
a Treatise on the Pressure and Equilibrium of Timber Framing, the 
Resistance of Timber, and the Construction of Floors, Arches, 
Bridges, Roofs, Uniting Iron and Stone with Timber, &c. To which 
is added an Essay on the Nature and Properties of Timber, &c, 
with Descriptions of the Kinds of Wood used in Building ; also 
numerous Tables of the Scantlings of Timber for different purposes, 
the Specific Gravities of Materisds, &c. By Thomas Tredgold, 
C.E. Edited by Peter Barlow, F.R.S. Fifth Edition, cor- 
rected and enlarged. With 64 Plates (i i of which now first appear 
in this edition), Portrait of the Author, and several Woodcuts. In 
I large vol., 4to, 2/. 2s, extra cloth. [Recently published, 

'* ' Tredgold's Carpentry* ought to be in every architect's and every builder's 
library, and those wno do not already possess it ought to avail themselves of the new 
issue. — BuUder^ April 9, 1870. 

)iA work whose monumental excellence must commend it wherever skilful car- 
pentry is concerned. The Author's principles are rather confirmed than impaired by 
time, and, as now presented, combine the surest base with the most interesting display 
of progressive science. The additional plates are of great intrinsic y7i\.yxt,**—BiUldtng 
NewSt Feb. 25, 1870. 

'"Tredgold's Carpentry' has ever held a high position, and the issue of the fifth 
edition, in a still more improved and enlar^d form, will ^ive satisfaction to a very 



laree number of artisans who desire to raise themselves m their business, and who 
seek to do so by displaying a greater amount of knowledge and intelligence than their 
fellow-workmen. It is as complete a work as need be desired. To the superior 



workman the volume will prove invaluable ; it contains treatises written in language 
which he will readily comprehend." — Mining Joumal^ Feb. 12, 1870. 

Grandys Timber Tables. 

THE TIMBER IMPORTER'S, TIMBER MERCHANTS, 
and BUILDER'S STANDARD GUIDE. By Richard E. 
Grandy. "Comprising : — An Analysis of Deal Standards, Home 
and Foreign, with comparative Values and Tabular Arrangements 
for Fixing Nett Landed Cost on Baltic and North American Deals, 
including all intermediate Expenses, Freight, Insurance, Duty, &c, 
&c. ; together with Copious Information for the Retailer and 
Builder. i2mo, price *js, 6d, cloth. 

" Everything it pretends to be : built up gradually, it leads one from a forest to a 
trenail, and dirows in, as a makeweight, a host oPmaterial conceminz bricks, columns, 
cisterns, &c. — all that the class to whom it appeals requires." — English Mechanic. 

** The only difficulty we have is as to what is not in its pages. What we have tested 
of the contents, taken at random, is invariably correct." — Illustrated Builder's youmcU. 

Tables for Packing-Case Makers. 

PACKING-CASE TABLES ; showmg the number of Superficial 

Feet in Boxes or Packing-Cases, firom six inches square and 

upwards. Compiled by William Richardson, Accountant. 

Oblong 4to, cloth, price 3^. 6d, 

"Will save much labour and calculation to packing-case makers and those who uae 
packing-cases." — Grocer, ** Invaluable labour-saving tables." — Ironmongers 
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Nicholsons Carpenter s Guide, 

THE- CARPENTER'S NEW GUIDE; or, BOOK of LINES 
for CARPENTERS : comprising all the Elementary Principles 
essential for acquiring a knowledge of Carpentry. Foimded on the 
late Peter Nicholson's standard work. A new Edition, revised 
by Arthur Ashpitel, F.S.A., together with Practical Rules on 
Drawing, by George Pyne. With 74 Plates, 4to, i/. \s, cloth. 

Dowsing s Timber Merchant's Companion. 

THE TIMBER MERCHANT'S AND BUILDER'S COM- 
PANION ; containing New and Copious Tables of the Reduced 
Weight and Measurement of Deals and Battens, of all sizes, from 
One to a Thousand Pieces, and the relative Price that each size 
bears per Lineal Foot to any given Price per Petersburgh Standard 
Hundred ; the Price per Cube Foot of Square Timber to any given 
Price per Load of 50 Feet ; the proportionate Value of Deals and 
Battens by the Standard, to Square Timber by the Load of 50 Feet ; 
the readiest mode of ascertainmg the Price of Scantling per Lineal 
Foot of any size, to any given Figure per Cube Foot. Also a 
variety of other valuable information. By William Dowsing, 
Timber Merchant. Second Edition. Crown 8vo, 3^'. cloth. 

" Everything is as concise and clear as it can possibly be made. There can be no 
doubt that every timber merchant and builder ought to possess it, because such possession 
would, with use, unquestionably save a very great deal of time, and, moreover, ensure 
perfect accuracy in calculations. There is ajso another class besides these who ought 
to possess it ; we mean all persons engaged in carrying wood, where it is reauisite to 
ascertain its weight. Mr. Dowsing's tables provide an easy means of domg this. 
Indeed every person who has to do with wood ought to have it." — Hull Advertiser, 



MECHANICS, &c. 



Mechanics Workshop Companion, 

THE OPERATIVE MECHANIC'S WORKSHOP COM- 
PANION, and THE SCIENTIFIC GENTLEMAN'S PRAC- 
TICAL ASSISTANT ; comprising a great variety of the most 
useful Rules in Mechanical Science ; with numerous Tables of Prac- 
tical Data and Calculated Results. By W. Templeton, Author 
of "The Engineer's, Millwright's, and Machinist's Practical As- 
sistant." Tenth Edition, with Mechanical Tables for Operative 
Smiths, Millwrights, Engineers, &c. ; together with several Useful 
and Practical Rules in Hydraulics and Hydrodynamics, a variety 
of Experimental Results, and an Extensive Table of Powers and 
Roots. II Plates. i2mo, 5j. bound. [Just published, 

*' As a text-book of reference, in which mechanical and commercial demands are 

yudidously met, Templeton's Companion stands unrivalled." — Mechanic^ Magaxuu. 

" Admirably adapted to the wants of a very lar^^e class. It has met with great 

success in the en^neerinf^ workshop, as we caxv tesuf^ ; and there are a great many 

men who, in a great measure, owe their rise VnVtfeto vfeSisVvVXiftNioxV"*— BuiWwg News, 
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Engineers Assistant. 

THE ENGINEER'S, MILLWRIGHTS, and MACHINIST'S 
PRACTICAL ASSISTANT ; comprising a Collection of Useful 
Tables, Rules, and Data. Compiled and Arranged, with Original 
Matter, by W. Templeton. 4th Edition. i8mo, zs.dd, cloth. 

** So much varied information compressed into so small a space, and published at a 
price which places it within the reach of the humblest mechanic, cannot fail to com- 
mand the sale which it deserves. With the utmost confidence we commend this book 
to the attention of our readers." — Mechanics* Magazine. 

** Every mechanic should become the possessor of the volume, and a more suitable 
present to an apprentice to any of the mechanical trades could not possibly be made." 
— -Building ^rws. 

Designing, Measuring, and Valuing. 

THE STUDENT'S GUIDE to the PRACTICE of ME A- 
SURING, and VALUING ARTIFICERS' WORKS; containing 
Directions for taking Dimensions, Abstracting the same, and bringing 
the Quantities into Bill, with Tables of Constants, and copious 
Memoranda for the Valuation of Labour and Materials in the res- 
pective Trades of Bricklayer and Slater, Carpenter and Joiner, 
Painter and Glazier, Paperhanger, &c. With 43 Plates and Wood- 
cuts. Originally edited by Edward Dobson, Architect. New 
Edition, re-written, with Additions on Mensuration and Construc- 
tion, and several useful Tables for facilitating Calculations and 
Measurements. By E. Wyndham Tarn, M.A., Architect. 8vo, 
lOJ. 6^. cloth. [yust published. 

** This useful book should be in every architect's and builder's office. It contains 
a vast amount of information absolutely necessary to be known." — The Irish Builder, 

** The book is well worthy the attention of the student in architecture and surveying, 
as hy the careful study of it his progress in his profession will be much facilitated."— 
Mining Joumaly Feb. 11, 1871. 

*' We have failed to discover anything connected with the building trade, from ex- 
cavating foundations to bell-hangmg, that is not fully treated upon in this valuable- 
work."— TA^ylr/izaw, March, 1871. 

" Mr. Tarn has well performed the task imposed upon him, and has made many 
further and valuable additions, embodying a large amount of information relating to 
the technicalities and modes of construction employed in the several branches of the 

building tiade From the extent of the information which the volume 

embodies, and the care taken to secure accuracy in every detail, it cannot fail to prove 
of the highest value to students, whether training in the offices of provincial surveyors, 
or in those of London practitioners." — Colliery Guardian, February loth, 1871. 

" Altogether the book is one which well fulfils the promise of its title-pa^e, and we 
can thoroughly recommend it to the class for whose use it has been compiled. Mr. 
Tarn's additions and revisions have much increased the usefulness of the work, and 
have especially augmented its value to students. Finally, it is only just to the pub- 
lishers to add that the book has been got up in excellent style, the typography being 
bold and clear, and the plates very well executed." — Engineering, Mardi 24, 1871. 

Superficial Measurement. 

THE TRADESMAN'S GUIDE TO SUPERFICIAL MEA- 
SUREMENT. Tables calculated from I to 200 inches in length, 
by I to 108 inches in breadth. For the use of Architects, Surveyors, 
Engineers, Timber Merchants, Builders, &c By James Haw- 
KINGS. Fcp. 3 J. 6^. cloth. 
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MATHEMATICS, &c. 

Gregory's Practical Mathematics, 

MATHEMATICS for PRACTICAL MEN ; being a Common- 
place Book of Pure and Mixed Mathematics. Designed chiefly 
for the Use of Civil Engineers, Architects, and Surveyors. Part I. 
Pure Mathematics— comprising Arithmetic, Algebra, Geometry, 
Mensuration, Trigonometry, Conic Sections, Properties of Curves. 
Part II. Mixed Mathematics — comprising Mechanics in general, 
Statics, Dynamics, Hydrostatics, Hydrodynamics, Pneumatics, 
Mechanical Agents, Strength of Materials. With an Appendix of 
copious Logarithmic and other Tables. By Olinthus Gregory, 
LL. D. , F.R. A. S. Enlarged by Henry Law, C.E. 4th Edition, 
carefully revised and corrected by J. R. Young, formerly Profes- 
sor of Mathematics, Belfast College ; Author of ** A Course of 
Mathematics," &c. With 13 Plates. Medium 8vo, i/. u. cloth. 

" As a standard work on mathematics it has not been excelled." — Artizan. 

** The engineer or architect will here find ready to his hand, rules for solving nearly 
every mathematical difficulty that may arise in his practice. As a moderate acquaint- 
ance with arithmetic, algebra, and elementary geometrjr is absolutely necessary to the 
proper understanding of the most useful portions of this book, the author very wisely 
has devoted the first three chapters to those subjects, so that the .most ignorant may be 
enabled to master the whole of the book, without aid from any other. The rules are in 
all cases explained by means of examples, in which every step of the process is clearly 
worked out" — Builder. 

*' One of the most serviceable books to the practical mechanics of the country. . 
The edition of 1847 was fortunately entrusted to the able hands of Mr. Law, who 
revised it thoroughly, re-wrote many chapters, and added several sections to those 
which had been rendered imperfect by advanced knowledge. On examining the various 
and many improvements which he introduced into the work, they seem almost like a 
new structure on an old plan, or rather like the restoration of an old ruin, not only to 
its former substance, but to an extent which meets, the lai-ger requirements of modem 

times In the edition just brought out, the work has again been revised by 

Professor Young. He has modernised the notation throughout, introduced a few 

Paragraphs here and there, and corrected the numerous typographical errors which 
ave escaped the eyes of the former Editor. The book is now as complete as it is 
f>ossible to make it We have carried our notice of this book to a greater 
ength than the space allowed us justified, but the experiments it contains are so 
interesting, and the method of describing them so clear, that we may be excused for 
oversteppmg our limit. It is an instructive book for the student, and a Text- 
book for him who having once mastered the subjects it treats of, needs occasionally to 
refresh his memory upon them." — Building News. 

The Metric System. 

A SERIES OF METRIC TABLES, in which the British 
Standard Measures and Weights are compared with those of the 
Metric System at present in use on the Continent. By C. H. 
' DowLiNG, C. E. 8vo, loj. 6^. strongly boimd. 

** Mr. Bowling's Tables, which are well put together, come just in time as a ready 
reckoner for the conversion of one system into the other.*' — Atherueunt, 

" Their accuracy has been certified by Professor Airy, the Astronomer Royal."— 
Builder. 

"Resolution 8. — That advantage will be derived from the recent publication of 
Metric Tables, by C. H. DovAiag.C.K"— Report p/ Section F, British Assacsatum, 
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Inwood's TableSy greatly enlarged and improved. 

TABLES FOR THE PURCHASING of ESTATES, Freehold, 
Copyhold, or Leasehold; Annuities, Advowsons, &c, and for the 
Renewing of Leases held under Cathedral Churches, Colleges, or 
. other corporate bodies ; for Terms of Years certain, and for Lives ; 
also for Valuing Reversionary Estates, Deferred Annuities, Next 
Presentations, &c, together with Smart's Five Tables of Compoimd 
Interest, and an Extension of the same to lower and Intermediate 
Rates. By William Inwood, Architect. The i8th edition, with 
considerable additions, and new and valuable Tables of Logarithms 
for the more Difficult Computations of the Interest of Money, Dis- 
count, Annuities, &c., by M. F:feDOR Thoman, of the Soci^t^' 
Credit Mobilier of Paris. i2mo, %s, cloth. 

%* This edition {the l8/>4) differs in many important particulars 
from, former ones. The changes consisty first, in a more conveniettt 
• and systematic arrangement of the original Tables ^ and in the removal 
of certain numerical errors which a very careful revision of the whole 
has enabled the present editor to discover ; and secondly, in the 
extension of practiced utility conferred on the work by the introduction 
of Tables now inserted for the first time. This new and important 
matter is all so much actually added to Inwood's Tables ; nothing 
ha^been abstracted from the original collection: so that those who have 
been long in the habit of consulting In WOOD for any special profes- 
sional purpose willy as heretofore, find the information sought still in 
its pages, 

** Those interested In the purchase and sale of estates, and in the adjustment of 
compensation cases, as well as in transactions in annuities, life insurances, &c., will 
find the present edition of eminent servict."— 'Engineering'. 

"More than half a century has elapsed since the first editi<mwas published, yet 
' Inwood's Tables' still maintain a most enviable rpputation ; and when it is considered 
that the new issue, the Eighteenth edition, has been enriched by large additional 
contributions by Mr. F^or Thoman, of die French Credit Mobilier, whose carefully 
arranged tables of logarithms for the more difficult computations of the interest of 
money, discount, aimuities, &c., cannot fail to be of the utmost utility, its value will 
be appreciated. The introduction contains ftn admirable epitome &f the principles of 
decimals, and an explanation of all that is necessary to render the elaborate tables in 
the book of thorough utility to all consulting it. This new edition will certainly be 
referred to with quite as much confidence as its predecessors." — Mitting Journal, 

Compound Interest and Annuities. 

THEORY of COMPOUND INTEREST and ANNUITIES ; 
with Tables of Logarithms for the more Difficult Computations of 
Interest, Discount, Annuities, &c., in all their Applications and 
Uses for Mercantile and State Purposes. With an elaborate Intro- 
duction. By FfeDOR Thoman, of the Society Credit Mobilier, 
Paris. l2mo, cloth, 5^^. 

"A very i>owerful work, and the Author has a very remarkable command of his 
subject." — Professor A. de Morgan. 

** No banker, merchant, tradesman, or man of business, ought to be without Mr. 
Thoman's truly * handy-book.* "—JP«;*nt;. 

" The author of this ' handy-book ' deserves our thanks."— /Mxwra«cce GoutU^^ 

" We recommend it to the notice ol actuacdes axA %cco>3XL\asv\s^^ — AiKew«»»w.« 
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SCIENCE AND ART. 



The Military Sciences. 

AIDE-MEMOIRE to the MILITARY SCIENCES. Framed 
from Contributions of Officers ai\d others connected with the dif- 
ferent Services. Originally edited by a Committee of the Corps of 
Rojral Engineers. Second Edition, most carefully revised by an 
Officer of the Corps, with many additions ; containing nearly 350 
Engravings and many hundred Woodcuts. 3 vols, royal 8vo, extra 
cloth boards, and lettered, price 4/. icxf. 

"A compendious encyclopaedia of military knowledge, to which we are greatly in- 
debted." — Edinburgh Review, 

" The most comprdiensive work of reference to the military and collateral sciences. 
Among the list of contributors, some seventy-seven in number, will be found names of 
the highest distinction in the services. . . . The work claims and possesses the great 
merit that by far the lareer portion of its subjects have been_ treatedoriginally by the 
practical men who have been its contributors. — V' 



■ Volunteer Service Geizette. 



Field Fortification. 



Dye 



A TREATISE on FIELD FORTIFICATION, the ATTACK 
of FORTRESSES, MILITARY, MINING, and RECON- 
NOITRING. By Colonel I. S. Macaulay, late Professor of 
Fortification in the Royal Military Academy, Woolwich. Sixth 
Edition, crown 8vo, cloth, with separate Atlas of 12 Plates, sewed, 
price I2J. complete. 

- Wares and Colours. 

THE MANUAL of COLOURS and DYE- W ARES : their 

Properties, Applications, Valuation, Impurities, and Sophistications. 

For the Use of Dyers, Printers, Dry Salters, Brokers, &c. By J. 

W. Slater. Post 8vo, cloth, price 7^. 6^. [Recently published, 

" Essentially a manual for practical men, and precisely such a book as practical 
men will appreciate." — ScipUi/ic Review. 

"A complete encyclopaedia of the materia tinctoria. The information given 
respecting each article is full and precise, and the methods of determining the value 
of articles such as these, so liable to sophistication, are given with clearness, and are 
practical as well as valuable." — Chemist and Druggist, 

Electricity. 

A MANUAL of ELECTRICITY ; including Galvanism, Mag- 
netism, Diamagnetism, Electro-Dynamics, Magno-Electricity, and 
the Electric Telegraph. By Henry M. Noad, Ph.D., F.C.S., 
Lecturer on Chemistry at St. George's HospitaL Fourth Exlition, 
entirely rewritten. Illustrated by 500 Woodcuts. 8vo, i/. 4^. cloth. 

*' This publication fully bears out its title of ' Manual.' It discusses in a satisfactory 
manner electricity, frictional and voltaic, thermo-electricity, and electro-physiology. 
—A thenautn. 

** The commendations already bestowed in the pages of the Lancet on the former 
editions of this work are more man ever merited by the present. The accounts giyen 
of electricity and galvanism are not only compVele m a. scientific sense, but, whiw is a 
rarer thing, sure popular and infibrcsting."— Laitcet. 
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Text-Book of Electricity. 

THE STUDENTS TEXT-BOOK OF ELECTRICITY: in- 
cluding Magnetism, Voltaic Electricity, Electro-Magnetism, Dia- 
magnetism, Magneto-Electricity, Thermo-Electricity, and Electric 
Telegraphy. Bein^ a Condensed Resume of the Theory and Ap- 

1>lication of Electrical Science, including its latest Practical Deve- 
opments, particularly as relating to Aerial and Submarine Tele- 
graphy. By Henry M. Noad, Ph.D., Lecturer on Chemistry at 
St. Geoige*s Hospital. Post 8vo, 400 Illustrations, I2j. (xi, cloth. 
%* In carrying out the design of this work, the author has availed 
himself both of the matter {in a condensed form) and of the illtistrations 
of his ** Manual of Electricity ;" but thepresettt zwlume will be found 
to contain much additional and important information, {with many 
new illustrations j) which has become available since the publication 
of his larger work, 

'* We can recommend Dr. Noad*s book for clear style, great range of subject, a good 
index, and a plethora of woodcuts. Such collections as the present are indispensable." 
— Athefueutn. 

** A most elaborate compilation of the facts of electricity and magnetism, and of the 
theories which have been advanced concerning them." — Popular Science Review, 

** Clear, compendious, compact, well iDustrated, and well printed, this is an exoel- 
Icnt manual." — Lancet. 

** We can strongly recommend the work, as an admirable text-book, to every student 
—beginner or advanced — of electricity." — Engineerings. 

*' The most complete manual on the subject of electricity to be met \nih.'*— Observer. 

** Nothine of value has been passed over, and nothing given but what Mrill lead to a 
correct, and even an exact, knowledge of the present state of electrical science."— 
Mechanic^ Magazine. 

" We know of no book on electricity containing so much information on experi- 
mental facts as this does, for the size of it, and no book of any size that contains so 
complete a range of facts." — English Mechanic. 

Chemical Analysis. 

THE COMMERCIAL HANDBOOK of CHEMICAL ANA- 
LYSIS ; or Practical Instructions for the determination of the In- 
trinsic or Commercial Value of Substances used in Manufactures, 
in Trades, and in the Arts. By A. Normandy, Author of ** Prac- 
tical Introduction to Rose's Chemistry," and Editor of Rose's 
"Treatise of Chemical Analysis." Illustrated with Woodcuts. 
Second and cheaper Edition, post 8vo, 9J. cloth. 

*• We recommend this book to the careful perusal of every one ; it may be truly 
affirmed to be of imiversal interest, and we stron^y recommend it to pur r^ulers as a 
guide, alike indispensable to the housewife as to the pharmaceutical practitioner.** — 
Medical Times. 

'* A volume of surpassing interest, in which the Author describes the character and 
properties of 400 different articles of commerce, the substances by which they are too 
frequentiy 'adulterated, and the means of their detection.* — Mining- Joumal. 

*• The very best work on the subject the English press has yet produced."— ^(p- 
chanici Magazine, 

Practical Philosophy. 

A SYNOPSIS of PRACTICAL PHILOSOPHY. By the Rev. 
John Carr, M.A., late Fellow of Trin. ColL, Cambridge. Second 
Edition. i8mo, 5^. cloth. 
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Science and Art. 

THE YEAR-BOOK of FACTS in SCIENCE and ART ; ex-, 
hibiting the most important Improvements and Discoveries of the 
Past Year in Mechanics and the Useful Arts, Natural PhUosophy, 
Electricity, Chemistry, Zoology and Botany, Geology and Mine- 
ralogy, Meteorology and Astronomy. By Jo JIN Times, F.S.A., 
Author of "Curiosities of Science," "Things not Generally 
Known," &c. With Steel Portrait and Vignette. Fcap. 5^. cloth. 

%* This work, published annually^ records the proceedings of the 
principal scientific societies, and is indispensable to all who wish to 
possess a faithful record of the laiest novelties in science and the arts. 

The back Volumes, from 1861 to 1870, each containing a Steel 
Portrait, and an extra Volume for 1862, with Photograph, may still 
be had, price 5J. each. 

" Persons who wish for a concise anniial summary of important scientific events will 
find dieir desire in the * Year Book of Facts.' " — Athenauin. 

*' The standard work of its class. Mr. Timbs's ' Year Book ' is always full of sugges- 
tive and interesting matter, and is an excellent risurni of the year's progress in the 
sciences and the arts." — Builder. 

"A correct exponent of scientific progress .... a record of abiding interest If 
anyone wishes to know what progress science has made, or what has been done in any 
branch of art during the past year, he has only to turn to Mr. Timbs's pages, and 
is sure to obtain the required information." — Mechanics* Magazine, 

*' An invaluable compendium of scientific progress for which the public are indebted 
to the untiring energy of Mr. Timbs." — A tlas. 

'* There is not a more useful or more interesting compilation than the ' Year Book of 
Facts.' . . . The discrimination with which Mr. Timbs selects his facts, and the admi- 
rable manner in which he condenses into a comparatively short space all the salient 
features of the matters which he places on record, are deserving of great praise."— 
Railway News. 

Science and Scripture. 

SCIENCE ELUCIDATIVE OF SCRIPTURE, AND NOT 
ANTAGONISTIC TO IT ; being a Series of Essays on— i. 
Alleged Discrepancies ; 2. The Theory of the Geologists and 
Figure of the Earth ; 3. The Mosaic Cosmogony ; 4. Miracles in 
general — Views of Hume and Powell ; 5. The Miracle of Joshua — 
Views of Dr. Colenso : The Supematurally Impossible ; 6. The 
Age of the Fixed Stars— their Distances and Masses. By Professor 
J. R. Young, Author of " A Course of Elementary Mathematics," 
&c. &c. Fcap. 8vo, price 5^. cloth lettered. 

*' Professor Young's examination of the early verses of Genesis, in connection with 
modem scientific hypotheses, is excellent." — English Churchman. 

" Distin^ished by the true spirit of scientific inquiry, by great knowledge, by keen 
logical abihty, and by a style peculiarly clear, easy, and eneigetic." — Nonconformist, 

" No one can rise from its perusal without being impressed with a sense of the sin- 
gular weakness of modem scepticism." — Baptist Magazine. 

*' The author has displayed considerable learning and critical acumen in combating 

the objections alluded to The volume is one of considerable value, inas- 

jnucb as it contains much sound thought, and is calculated to assist the reader to dis- 
criminate truth from error, at least so far as a finite mind is able to separate them. 
77ie work, therefore, must be considered t<> V>e a Na\-uaL\A« cowtrlbution to controversial 
tbeoJqgical literature. "—City Press. 
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Geology and Genesis Harmonised. 

THE TWIN RECORDS of CREATION; or. Geology and 
Genesis, their Perfect Harmony and Wonderful Concord. By 
George W. Victor Le Vaux. With numerous Illustrations. 
Fcap. 8vo, price 5x. cloth. 

" We can recommend Mr. Le Vaux as an able and interesting guide to a popular 
appreciation of geological science." — Spectator. 

"The author combines an unbounded admiration of science with an unbounded 
admiration of the Written Record. The two impulses are balanced to a nicety ; and 
the consequence is, that difficulties, which to minds less evenly poised, would be 
serious, find immediate solutions of the happiest kinds." — London Review, 

*' Mr. Le Vaux very feasibly reconciles the two records." — Builder, 

"A most instructive and readable book. We welcome this volume as aiding in a 
most important discussion, and commend it to those interested in the subject." — 
Evangelical Magazitte. 

" Vigorously written, reverent in spirit, stored with instructive geological facts, and 
designed to show that there is no discrepancy or inconsistency between the Word and 
the works of the Creator. The future of Nature, in connexion with the glorious destiny 
of man, is vividly conceived." — Watchman, 

" A valuable contribution to the evidences of Revelation, and disposes verv con- 
clusively of the arguments of those who would set God's works against God's Word. 
No real difficulty is shirked, and no sophistry is left unexposed." — The Rock. 

Wood' Carving. 

INSTRUCTIONS in WOOD-CARVING, for Amateurs; with 
Hints on Design. By A Lady. In emblematic wrapper, hand- 
somely printed, with Ten large Plates, price 2x. dd. 

" The handicraft of the wood-carver, so well as a book can impart it, may be learnt 
from * A Lady's' publication." — At/tetueum. 

*' A naX Practical guide. It is very complete." — Literary Churchman, 

" The directions given are plain and easily understood, and it forms a very good 
introduction to the practical part of the carver's art." — English Mechanic. 

" The writer of the little treatise before us deals very plainly and practically with 
her subject. .... The illustrations are admirably drawn, nearly all the patterns being 
remarkable for their graceful ornamentation. We can confidently recommend the 
book to amateur wood-carvers." — Young Englishwoman. 



Popular Work on Painting. 



PAINTING POPULARLY EXPLAINED; with Historical 
Sketches of the Progress of the Art. By Thomas John Gullick, 
Painter, and John Timbs, F.S.A. Second Edition, revised and 
enlarged. With Frontispiece and Vignette. In small 8vo, dr. cloth. 

*♦* This Work has been adopted as a Prize-book in the Schools 
of Art at South Kensington. 

A work that may be advanta^^eously consulted. Much may "be learned, even by 
hose who fancy they do not require to be taught, from the careful perusal of this 
unpretending but comprehensive treatise." — Art Journal. 

" A valuable book, which supplies a want. It contains a laree amount of original 
matter, agreeaUy conveyed, and will be found of value, as well by the young artist 
seeking information as by the general reader. We give a cordial welcome to the book, 
and augur for it an increasing reputation." — Builder, 

" This volume is one that we can heartily recqsoxatxvd \a ^ ^\a vtn ^<»s.<(s^^& ^ 
understanding what they admire in % good-painxkk^.^* — Daily Nctms. 
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Delamotte's Works on Illumination & Alphabets. 

A PRIMER OF THE ART OF ILLUOTXATIOX ; for the 
use of Beginners : with a Rudimentary Treatise on the Art, Prac- 
tical Directions for its Exerdse, and numerous Examples taken 
from Illuminated MSS., printed in Gold and Colours. By F. Dela- 
MOTTE. Small 4to, price 91. Ell^antly bound, cloth antique. 

*' A handf book, beautifully illiisaated ; the text of wbidi is wdl written, and cal- 
culated to bie useftiL . . . The examples of ancient MSS. recommended to the student, 
which, with much good sense, the author chooses from coUectioos accessible to all, are 
iflw^^ with judgment and knowlec^e, as well as taste.** — Atkeiutmm, 

ORNAMENTAL ALPHABETS, ANCIENT and MEDIAEVAL ; 
from the Eighth Costury, with Numerals ; including Gothic, 
Church-Text, large and small, German, Italian, Arabesque, Initials 
for Illumination, Monograms, Crosses, &c. &c., for the use of 
Architectural and Engineering Draughtsmen, Missal Painters, 
Masons, Decorative Painters, Lithographers, Engrayers, Carvers, 
&c &c. &c. Collected and engraved by F. Deiamotte, and 
printed in Colours. Royal 8vo, oblong, price 45. cloth. 

"A wdl-known engraver and draughtsman has enrolled in this useful book the 
result of many years' study and research. For those who insert enamelled sentences 
round gilded chalices, who blazon shop legends over shop-docHS, who letter church 
walls with pithy sentences from the Decdogue, this book will be usefuL" — Athetutum. 

EXAMPLES OF MODERN ALPHABETS, PLAIN and ORNA* 
MENTAL ; including German, Old English, Saxon, Italic, Per- 
spective, Greek, Hebrew, Court Hand, Engrossing^ Tuscan, 
Riband, Gothic, Rustic, and Arabesque ; i^ith several Original 
Designs, and an Analysis of the Roman and Old English Alpha- 
bets, laige and small, and Numerals, for the use of Draughtsmen, 
Surveyors, Masons, Decorative Painters, Lithographers, Engravers, 
Carvers, &c Collected and engraved by F. Delamotte, and 
printed in Colours. Royal 8vo, oblong, price 4r. cloth. 

" To artists of all classes, but more especially to architects and engravers, this very 
handsome book will be invaluable. There is comprised in it every possible shape into 
which the letters of the alphabet and numerals can be formed, and the talent whi<di 
has been expended in the conception of the various plam and ornamental letters is 
vtoadxtixl^^-— Standard. 

MEDIAEVAL ALPHABETS AND INITIALS FOR ILLUMI- 
NATORS. By F. Delamotte, Illuminator, Designer, and 
Engraver on Wood. Containing 21 Plates, and Illuminated Title, 
printed in Gold and Colours. With an Introduction by J. WiLLls 
Brooks. Small 4to, dr. cloth gilL 

" A volume in which the letters of the alphabet come forth glorified in gilding and 
all the colours of the prism interwoven and intertwined and intermingled, sometimes 
with a sort of rainbow arabesque. A poem emblazoned in these characters would be 
only comparable to one of those delicious love letters symbolired in a bunch of flowers 
well selected and cleverly arranged." — Sun, 

THE EMBROIDERER'S BOOK OF DESIGN ; containing Initials, 
Emblems, Cyphers, Monograms, Ornamental Borders, Ecclesias- 
tical Devices, Mediaeval and Modem Alphabets, and Natioiial 
Emblems, Collected and engraved by F. Delamotte, and 
. printed in Colours. Oblong toyal ^vo, 2s. 6d. m or&ai!veD&al bouds. 
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AGRICULTURE, &c. 



Yotiatt and Burtis Complete Grazier. 

THE COMPLETE GRAZIER, and FARMER'S and CATTLE- 
BREEDER'S ASSISTANT. A Compendium of Husbandry. 
By William Youatt, Esq., V.S. nth Edition, enlarged by 
Robert Scott Burn, Author of "The Lessons of My Farm," &c 
One large 8vo volume, 784 pp. with 215 Illustrations, i/. u. half-bd. 



CONTENTS. 



On the Breedingy Rearing, Fattening, 
and General Management ^Neat Cattle. 
— I ntroductory View of the different Breeds 
of Neat Cattle in Great Britain. — Com- 
parative View of the different Breeds of 
Neat Cattle. — General Observations on 
Biiying and Stocking a Farm with Cattle. 
—The Bull— The Cow.— Treatment and 
Rearing of Calves. — Feeding of Calves for 
Veal. — Steers and Draught Oxen. — Graz- 
ing Cattle. — Summer Soiling Cattle. — 
Wmter Box and Stall-feeding Cattle. — 
Artificial Food for Cattle. — Preparation 
of Food. — Sale of Cattle. 

On the Ecofiomy and Management of 
the Dairy. — Milch Kine.— Pasture and 
other Food best calculated for Cows, as 
it regards their Milk. — Situation and 
Buildings proper for a Dairy, and the 
proper Dairy Utensils. — Management of 
Millc and Cream, and the Making and 
Preservation of Butter. — Making and Pre- 
servation of Cheese. — Produce of a Dairy. 
On the Breeding, Rearing, and Ma- 
nagement of Farm-horses. — Introductory 
and Comparative View of the different 
Breeds of r arm-horses. — Breeding Horses, 
Cart Stallions and Mares. — Rearing and 
Training of Colts. — ^Age, Qualifications, 
and Sale of Horses. — Maintenance and 
Labour of Farm-horses. — Comparative 
Merits of Draught Oxen and Horses. — 
Asses and Mules. 

On the Breeding, Rearing, and Fat- 
tening of Sheep.— ^ntcoAwoXovj and Com- 
parative View of the different Breeds. — 
Merino, or Spanish Sheep. — Breeding and 
Management of Sheep. — Treatment and 
Rearing of House-lambs,Feedingof Sheep, 
Folding Sheep, Shearing of Sheep, &c. 

On the Breeding, Rearing, and Fat' 
teningof Swine.— -Introductory and Com- 
parative View of the different Breeds of 
Swine. — Breeding and Rearing of Pigs. — 
Feeding and Fattening of Swine. — Curing 
Pork and Bacon. 



On the Diseases of Cattle. — Diseases 
Incident to Cattle. — Diseases of Calves. — 
Diseases of Horses. — Diseases of Sheep. — 
Diseases of Lambs. — Diseases Incident to 
Swine. — Breeding and Rearing of Do- 
mestic Fowls, Pigeons, &c. — Padmipedes, 
or Web-footed kinds. — Diseases of Fowls. 
On Farm. Offices and Implements of 
Husbandry. — The Farm-house, the Farm- 
yard, and its Offices. — Construction of 
Ponds. — Farm Cottages. — Farm Imple- 
ments. — Steam Cultivation. — Sowing Ma- 
chines, and Manure Distributors. — Steam 
Engines, Thrashing Machines, Corn- 
dressing Machines, Mills, Bruising Ma- 
chines. 

On the Culture and Management of 
Grass Land, — Size and Shape of Fields. 
—Fences. — Pasture Land. — Meaidow 
Land. — Culture of Grass Land. — Hay- 
making. — Stacking Hay. — Impediments 
to the Scythe and the Eradication of 
Weeds.— Paring and Burning. — Draining. 
Irrigation, — ^Warpin^. 

On the Cultivatton and Application 
of Grasses, Pulse, and Roots. — Natural 
Grasses usually cultivated. — Artificial 
Grasses or Green Crops. — Grain and 
Pulse commonly cultivated for their 
Seeds, for their Straw, or for Green 
Forage. — ^Vegetables best calculated for 
Animal Food. — Qualities and Compara* 
tive Value of some Grasses and Roots as 
Food for Catde. 

On Manures in General, and their 
Amplication to Grass Land. — V^etable 
Manures. — Animal Manures. — Fossil and 
Mineral Manures.— Liquid or Fluid Ma- 
nures. — Composts. — Preservation of Ma- 
nures. — Application of Manures. — Flemish 
System of Manuring. — Farm Accounts, 
and Tables for Calculating Labour by the 
Acre, Rood, &c., and by the Day, Week, 
Month, &c. — Monthly Calendar of Work 
to be done throughout the Year. — Obser- 
vations on the Weather. — Index. 



** The standard, and text-book, with the farmer and grazier." — Farmer's Magazine, 

*' A valuable repertory of intelligence for all who make agriculture a pursuit, and 
especially for those who aim at keeping pace with the improvements of the age." — 
BelPs messenger. 

*' A treatise which will remain a standard work on the subject «& Vso% ^a^'^T^^^^^ 
agriculture endures." — Mark Lane Express, 
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Scott BuTfCs Introduction to Farming. 

THE LESSONS of MY FAllM : a Book for Amateur Agricul- 
turists, being an Introduction to Farm Practice, in the Culture of 
Crops, the Feeding of Cattle, Management of the Dairy, Poultry, 
and Pigs, and in the Keeping of Farm- work Records. By Robert 
Scott Burn, Editor of "The Year-Book of Agricultural Facts," 
&c. "With numerous Illustrations. Fcp. dr. cloth, 

" A most complete introduction to the whole round of farminz practice." — Jokti 
Bull, 

"There are many hints in it which even old farmers need not be ashamed to 
accept.*' — Morning Herald. 

. Tables for Land Valuers, 

THE LAND VALUER'S BEST ASSISTANT : being Tables, 
on a very much improved Plan, for Calculating the Value of 
Estates. To which are added, Tables for reducing Scotch, Irish, 
and Provincial Customary Acres to Statute Measure ; also, Tables 
of Square Measure, and of the various I)imensions of an Acre in 
Perches and Yards, by which the Contents of any Plot of Ground 
may be ascertained without the expense of a regular Survey ; &c. 
By R. PIUDSON, Civil Engineer. New Edition, with Additions and 
Conections, price 4f. strongly bound. 

*' This new edition includes tables for ascertaining the value of leases Ux any term 
of years ; and for showing how to lay out plots of jg^ound of certain acres in forms, 
square, round, &c., with valuable rules for ascertaining the probable worth of standing 
timber to any antount ; and is of incalculable value to the country gentleman and pro- 
fessional man." — Farmer's Journal, 

The Laws of Mines and Mining Companies. 

A PRACTICAL TREATISE on the LAW RELATING to 
MINES and MINING COMPANIES. By Whitton Arun- 
DELL, Attomey-at-Law. Crown 8vo. 4^". cloth. 

Auctioneer's Assistant. 

THE APPRAISER, AUCTIONEER, HOUSE AGENT, 
and HOUSE BROKER'S POCKET ASSISTANT. By John 
Wheeler, Valuer. A new edition, much improved and enlarged, 
and entirely re-written. \Jn the Press. 

The Civil Service Book-keeping. 

BOOK-KEEPING NO MYSTERY: its Principles popularly ex- 
plained, and the Theory of Double Entry analysed ^ for the iise of 
Young Men commencing Business, Examination Candidates, and 
Students generally. By an Experienced Book-Keeper, late of 
H.M. Civil Service. Second Edition. Fcp. 8yo. price Zr. doth. 

^ **A book which brings the so-called mysteries within the comprehenaioa of the 
sunplest csipacityJ'—Sunday Times, 

- '*^t ^s clear and conciso, and ^Eftclilt Budkai Xtxt-Vwlk. as students reouire.*'— 
Q^rfer/y^^ouhtalofEdMceUitm^ ^. 
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Text-Book for Architects, Engineers y Surveyors ^ 
Land Agents, Country Gentlemen^ &c. 

A GENERAL TEXT-BOOK for ARCHITECTS, ENGI- 
NEERS, SURVEYORS, SOLICITORS, AUCTIONEERS, 
LAND AGENTS, and STEWARDS, in all their several and 
varied Professional Occupations ; and for the Assistance and 
Guidance of Country Gentlemen and others engaged in the Trans- 
fer, Management, or Improvement of Landed Property ; together 
with Examples of Villas and Country Houses. By Edward Ryde, 
Civil Engineer and Land Surveyor. To which are added several 
Chapters on Agriculture and Landed Property, by Professor 
Donaldson, Author of several works on Agriculture. With 
numerous Engravings, in one thick vol. 8vo, price i/. 8j. cloth. 



CONTENTS. 



Arithmetic. 

Plane and Solid Geometry. 

Mensuration. 

Trigonometry. 

Conic Sections. 

Land Measuring. 

Land Surveying. 

Levelling. 

Plotting. 

Computation of Areas. 

Copying Maps. 

Railway Surveying. 

Colonial Surveying. 

Hydraulics in connection 

WITH Drainage, Sewerage, 

AND Water Supply. 



Timber Measuring. 

Artificers' Work. 

Valuation of Estates. 

Valuation of Tillage and Tenant 
Right. 

Valuation of Parishes. 

Builders' Prices. 

Dilapidations and Nuisances. 

The Law relating to Appraisers and 
Auctioneers. 

Landlord and Tenant. 

Tables of Natural Sines and Co- 
sines ; for Reducing Links into 
Feet, &c. &c. 

Stamp Laws. 

Examples of Villas, &c. 



To which are added Fourteen Chapters 
ON LANDED PROPERTY. By Professor Donaldson. 

Chap. L — Landlord and Tenant : their Position and Connections. 

Chap. II. — Lease of Land, Conditions and Restrictions; Choice of Tenant, 

and Assignation of the Deed. 
Chap. III. — Cultivation of Land, and Rotation of Crops. 
Chap. IV. — Buildings necessary on Cultivated Lands : Dwelling-houses, 

Farmeries, and Cottages for Labourers. 
Chap. V. — Laying out Farms, Roads, Fences, and Gates. 
Chap. VI. — Plantations, Young and Old Timber. 
Chap. VII. — Meadows and Embankments, Beds of Rivers, Water Courses, 

and Flooded Grounds. 
Chap. VIII. — Land Draining, Opened and Covered : Plan, Execution, aad 

Arrangement between Landlord and Tenant. 
Chap. IX. — ^Minerals, Working, and Value. 
Chap. X. — Expenses of an Estate. 
Chap. XI. — Valuation of Landed Property ; of the Soil, of Houses, of Woods, 

of Minerals, of Manorial Rights, of Royalties, and of Fee 

Farm Rents. * 

Chap. XII. — Land Steward and Farm Bailiff: Qualifications and Duties. 
Chap. XIII.— Manor Bailiff Woodreeve, Gardener, and Gamekeeper: their 

Position and Duties. 
Chap. XIV.— Fixed Days of Audit : Half-yearly Payments of Rents, Form of 

Notices, Receipts, and of Cash Books, General Map of Hci- 
- tates, &c 
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" No Englishman ought to be without this book!" 

EVERY MAN'S OWN LAWYER ; a Handy-Book of the Prin- 
ciples of Law and Equity. By A Barrister. 8th Edition, 
carefuUy revised, including a Summary of the New Bankruptcy 
Laws, the Fraudulent Debtors Act, the Reported Cases of tl>e 
Courts of Law and Equity, &c. With Notes and References to the 
Authorities. i2mo, price dr. &/. (saved at every consultation), 
strongly bound. 

Comprising the Rights and Wrongs of Individuals, Mercantile and Com- 
mercial LaWj Criminal Law, Parish Law, County Court Law, 
Game and Fishery Laws, Poor Metis Lawsuits, 

THE LAWS OF 



Bankruptcy. 

Bills of Exchange. 

Contracts and Agreements. 

Copyright. 

Dower and Divorce. 

Elections and Registration. 

Insurance. 

Libel and Slander. 



Mortgages. 

Settlements. 

Stock Exchange Practice. 

Trade Marks and Patents. 

Trespass, Nuisances, etc. 

Transfer of Land, etc. 

Warranty. 

Wills and Agreements, etc. 



Also Law for 



Landlord and Tenant. 
Master and Servant. 
Workmen and Apprentices. 
Heirs, Devisees, and Legatees. 
Husband and wife. 
Executors and Trustees. 
Guardian and Ward. 
Married Women and Infants. 
Partners and Agents. 
Lender and Borrower. 
Debtor and Creditor. 
Purchaser and Vendor. ^ 
Companies and Associations. 
Friendly Societies. 



Cler^fymcn, Churchwardens. 
Medical Practitioners, &c. 
Bankers. 
Farmers. 
Contractors. 

Stock and Share Brokers. 
Sportsmen and Gamekeepers. 
Farriers and Horse-Dealers. 
Auctioneers, House-Agents. 
Innkeepers, &c. 
Pawnbrokers. 
Surveyors. 

Railways and Carriers. 
&c. &c. 



*' No Englishman ottght to he without this book . . . any person perfectly unin- 
formed on legal matters, who may require soimd information on unknown law points, 
will, by reference to this book, acquire the necessary information ; and thus on many 
occasions save the expense and loss of time of a visit to a lawyer." — Engineer^ Jan. 
28, 1870. 

" It is a complete code of English Law, written in plain language which all can 
understand . . . should be in the hands of every business man, and all who wish to 
abolish lawyers' bills." — Weekly Times^ March 6, 187a 

*' With the volume before us in hand, a man may, in nine cases out often, decide 
his own course of action, learn how to proceed for redress of wrongs, or recovery of 
rights, and save his pocket from the dreaded consultation fees and the incalculable 
buls of costs." — CwU Service Gazette^ May 23, x868. 

" We have found it highly satisfactory as a work of authority and reference, and a 
handy-book of information. There is abundance of cheap and safe law in this work 
for all who want '\^'*—Ro€k, M^ 26, 1868. 

*' A useful and concise epitome of the law, compiled with considerable care.** — Law 

" WhsLt it professes to be — a complete epitome of the laws of this country, thoroughly 
iatellignWe to non-professional reauders. TVie VxKJk. \& ^ Vtnxidy one to have in rouli- 
acss when some knotty point requires ready aoVuuoTx." — BelCt Life. 



